9.5 ABSOLUTE MAXIMUM SHEAR STRESS

« State of stress in 3-dimensional space:

O max — Omin

Ny

(a)
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ABSOLUTE MAXIMUM SHEAR STRESS (cont)

« State of stress in 3-dimensional space:

- —
ay
¥
¥
T -~
y T o) / /_, . \
x—y plane stress 1@“‘! *
{ ! "y
(a) X ' \J/
B Em— —> e e
U’; '\-{\\h \‘ -ux\‘.z"-f
T
i 1 .
l M ain gl
| : AN MU licar sdie
shinar sIress
(d)

Copyright © 2011 Pearson Education South Asia Pte Ltd



ABSOLUTE MAXIMUM SHEAR STRESS (cont)

« State of stress in 3-dimensional space:

4

a
o oy
N/
yz \ \

\*"—'/ (T\' ' 4 )max

L7 'y Jmax

Maximum in-plane and
absolute maximum shear stress

x—y plane stress T

(a) (b)

Fig. 9-23
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EXAMPLE 9.10

The point on the surface of the cylindrical pressure vessel in
Fig. 9—24a is subjected to the state of plane stress.
Determine the absolute maximum shear stress at this point.
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EXAMPLE 9.10 (cont)

Solutions

0,

An orientation of an element 45° within this plane yields the state of absolute
maximum shear stress and the associated average normal stress, namely,

Taps =16 MPa , o, =16 MPa (Ans)

abs
max

Same result for can be obtained from direct application of Mohr’s circle.

Tabs —

max

O

o — —
aN@,=32+0=16 MPa (Ans) w
2

- @
- > _16 MPa Z3 W
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EXAMPLE 9.10 (cont)

Solutions

the Mohr’s circle,

avg

By comparison, the maximum in-plane shear stress can be determined from

T oo =32_16=8 MPa
in-plane o (MPa)
o =320 _oimPa (Ans)
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EXAMPLE | 9.11

principal stresses and the absolute maximum shear stress at the point.

SOLUTION

Principal Stresses. The in-plane principal stresses can be
determined from Mohr’s circle. The center of the circle is on
the o axis at .y, = (=20 + 0)/2 = —10 MPa. Plotting the
reference point A(—20, —40), the radius CA is established
and the circle 1s drawn as shown 1n Fig. 9-25b. The radius is

R =V (20 — 10¢ + (40 = 412 MPa

Due to an applied loading, an element at the point on a machine shaft is
subjected to the state of plane stress shown in Fig. 9-25a. Determine the

20 MPa

" 40 MPa

The principal stresses are at the points where the circle
intersects the o axis; i1.e.,

o1 = —10 + 41.2 = 31.2 MPa
o, = —10 — 41.2 = —51.2 MPa

From the circle, the counterclockwise angle 26, measured
from CA to the —o axis, 1S

40
20 =tan ' | ———— | = 76.0°
( 20 — 10)

Thus,

6 = 38.0°
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EXAMPLE | 9.11

This counterclockwise rotation defines the direction of the x’ axis and

0, and its associated principal plane, Fig. 9-25¢. We have

g = 31.2 MPa g, — —51.2 MPa

Absolute Maximum Shear Stress. Since these stresses
have opposite signs, applying Eq. 9-14 we have

gy — 0 31.2 - (_51.2)
T abs = = =412MPa  Ans.
max 2 2
312 — 312
Tavg = % = ~10 MPa

NOTE: These same results can also be obtained by drawing
Mohr’s circle for each orientation of an element about the
x, y, and z axes, Fig. 9-25d. Since o and o, are of opposite
signs, then the absolute maximum shear stress equals the
maximum in-plane shear stress.

Ans.

20 = 76.0° + 90° = 166°
A

o, = —51.2MPa

Tans= 41.2 MPa}T (MPa)

max

(d)
Fig. 9-25

o, - 312 MPa

o (MPa)
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. CHAPTER REVIEW

Plane stress occurs when the material at a point y
1s subjected to two normal stress components |
o, and o, and a shear stress 7,,. Provided these
components are known, then the stress
components acting on an element having a
different orientation # can be determined using
the two force equations of equilibrium or the
equations of stress transformation.
oy + oy g, — O

oy = 2 + 5 Y cos 20 + Tyy SIN 20

o, — O

Tty = —Tysin 20 + 7,y cos 260




CHAPTER REVIEW

For design, it i1s important to determine the orien-
tation of the element that produces the maximum
principal normal stresses and the maximum 1n-
plane shear stress. Using the stress transformation
equations, it is found that no shear stress acts
on the planes of principal stress. The principal
stresses are

- o, +o, N \/(O'I - a—y)z + Tx)%
’ 2 B 2

The planes of maximum in-plane shear stress
are oriented 45° from this orientation, and on
these shear planes there is an associated average
normal stress.

avg

T max
in-plane

Tavg




CHAPTER REVIEW

Mohr’s circle provides a semi-graphical method
for finding the stresses on any plane, the
principal normal stresses, and the maximum
in-plane shear stress. To draw the circle, the o
and 7 axes are established, the center of the
circle C[(o, + o)/2,0] and the reference point
A(oy. Tyy) are plotted. The radius R of the circle
extends between these two points and is
determined from trigonometry.

(b)




. CHAPTER REVIEW

If oy and o, are of the same sign, then the absolute
maximum shear stress will lie out of plane.
gy
Tabs = —
max 2
In the case of plane stress, the absolute maximum
shear stress will be equal to the maximum
in-plane shear provided the principal stresses o
and o, have the opposite sign.

o1 — 02

max 2

x—y plane stress

x—y plane stress




Strain Transformation

Chapter Objectives

v" Navigate between rectilinear co-ordinate system for strain
components.

Determine principal strains and maximum in-plane shear strain.
Determine the absolute maximum shear strain in 2D and 3D cases.
Know ways of measuring strains.

Define stress-strain relationship.

Predict failure of material.

DN NI NN
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APPLICATIONS
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10. 1 STATE OF PLANE-STRAIN

* In 3D, the general state of strain at a point is
represented by a combination of 3 components of
normal strain ¢,, £, &, and 3 components of shear strain

yxyiyy217/XZ'

« |n plane-strain cases, ¢;, ”x and 7y; are zero.

« The state of plane strain at a point is uniquely
represented by 3 components (¢4, €, and 7y ) acting on
an element that has a specific orientation at the point.

o
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10.2 EQUATIONS OF PLANE-STRAIN
TRANSFORMATION

Plane stress, o, , o, does not cause plane
strain in the x—y plane since € = 0.

Fig. 10-1

Note: Plane-stress case # plane-strain case
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EQUATIONS OF PLANE-STRAIN
TRANSFORMATION (cont)

Positive normal strain ¢, and &, cause elongation
Positive shear strain 7, causes small angle AOB
Both the x-y and x’-y’ system follow the right-hand rule

The orientation of an inclined plane (on which the
normal and shear strain components are to be
determined) will be defined using the angle 6. The angle
IS measured from the positive x- to positive x’-axis. It is
positive if it follows the curl of the right-hand fingers.

—1 l" J
_4(’ -+ /
i , j
J

I
'
o

7.!)'
2
'Yr_\-
T2
fj B (b)
. X
0| 4
dx
(a)

Positive sign convention
o t'l(i\'

Fig. 10-2
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EQUATIONS OF PLANE-STRAIN
TRANSFORMATION (cont)

 Normal and shear strains
— Consider the line segment dx’

dx = dx'cosé
dy =dx'siné

Before deformation

(a)

X'=g,dxcosd + g,dysin & + y,, dycose ¥

1 - -1.’

X . . —
fp == cos” @+ &,sin” 0 + y,, sinGcos o —
dx’ L e, dx cosd
; :8X+8y+6‘x—8y Yy . A )
X' — LAy 1y
2 2 2 dx ecdx |
e dx sinf
e, t+¢& E,— €& Y Normal strain e,
&, =——>———200520 ——"sin26
2 2 2 (b)
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EQUATIONS OF PLANE-STRAIN
TRANSFORMATION (cont)

dy'=—¢,dxsin@ + &, dycosd —y,, dysin
_y
dx’

a — (-, +&,)sinOcosO—y,,sin%

« Similarly,
B=a(6+90°)= (- ¢, +&, Jsin(6+90°)cos(6 +90°)— 7, sin?(6+90°)

= —(— ey teé, )COS adsin @ — Vxy cos” (9 + 900)

y'
\ dy sinfl u
Yxy \J: 51"}.3{ Yaydy ;/T_T}. dy cosf P
y' = _
xy
dy’
X
X dx
Normal strain €, Shear strain vy,

() (d)
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EQUATIONS OF PLANE-STRAIN
TRANSFORMATION (cont)

Yoy =a—-pB =, —¢,)sin0cosd+y, (cos? 6-sin? 0)

Txy _ | 78 J6in20+ Y cos 26
2 2

oy’

dx’ -

dx' \ #

Shear strain ,, |

(d) (e)
Fig. 10-3 (cont.)
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PRINCIPAL AND MAXIMUM IN-PLANE SHEAR
STRAIN

« Similar to the deviations for principal stresses and the
maximum in-plane shear stress, we have

2 2
tan 20 = 7/xy | 812:8X+8yi 8X—8y N yxy
" e —¢ ’ 2 2 2

y

Ex
tan 26, = — !
Vxy
4 2 2
rPna—)z)lane . gx_gy 7/xy _8x+‘9y
- + 1 gavg - A
2 2 2 2

« And,
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PRINCIPAL AND MAXIMUM IN-PLANE SHEAR
STRAIN (cont)

When the state of strain is represented by the principal
strains, no shear strain will act on the element.

The state of strain at a point can also be represented in
terms of the maximum in-plane shear strain. In this case
an average normal strain will also act on the element.

The element representing the maximum in-plane shear
strain and its associated average normal strain is 45°
from the element representing the principal strains.
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EXAMPLE 10.1

A differential element of material at a point is subjected to a
state of plane strain ¢ =500(10°), &, =-300(10°), 7, = 200(10°)
which tends to distort the element as shown in Fig. 10-5a.

Determine the equivalent strains acting on an element of the

material oriented at the point, clockwise 30° from the
original position.

-}I
Yy |
i
2 f
__'I;III ) P
- ——
I.-" —
{ I
edy| | /
{
dy jI J —
/ | —% Yay
{ - | T
i | . X
— dx —*—,—|
% -
€, dx
(a)
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EXAMPLE 10.1 (cont)

Solutions
« Since 0 is positive counter-clockwise,

g +e, &£, —¢ ¥
e, =—J 4 X2 Y cos20 +~

_ [500+(— 300)}(10_6){500—5 300)}(10_6)(;08(2(_ 30°) {200(10‘6 )}sin(z(— 30%))

2
=X —213( ) (Ans)

sin 260

Pxy _ | 578 Jein20+ 7 cos 26
2 2

:_[500_5300)}(10-6 Jsin(2(~ 300)){200(106 )} cos(2(-30°))

2
= 7., =793(10°) (Ans)
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EXAMPLE 10.1 (cont)

Solutions
* By replacement,

£, = & ergy p & ;gy c0S 26 + 7; sin 26
_ [500+ g— 300)}(10—e)+ {500‘ g‘ 300)}(10‘6)cos(2(60°))+{200(210_6 )}sin(Z(GOO))

= ¢, =-13.4(10°) (Ans)
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EXAMPLE 10.2

A differential element of material at a point is subjected to a
state of plane strain defined by &, =-350(10°), &, = 200(0°), »,, =80(10°)
which tends to distort the element as shown in Fig. 10-7a.
Determine the maximum in-plane shear strain at the point

and the associated orientation of the element.

e I
e dy T T I
P L
A ! 7:}
d_\‘ ! —7” 1
/ 2
! r
/ -
r_.-—'-"\f B .
0 - I
dx o
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EXAMPLE 10.2 (cont)

Solutions
« Looking at the orientation of the element,

tan 20, = _[ & &y J _ _(— 350 — 2ooj

= 6, =40.9°and 131°

* For maximum in-plane shear strain,

Y max 2 2
in plane _ Ey — gy n 7/xy
2 2 2

= Vmx  =556(10"°) (Ans)

in plane

(b)
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EXAMPLE | 10.3

A differential element of material at a point is subjected to a
state of plane strain defined by e, = —350(107%), € = 200(107%),
Y = 80(107°), which tends to distort the element as shown in
Fig. 10-7a. Determine the maximum in-plane shear strain at the point

and the associated orientation of the element. d
SOLUTION .
Orientation of the Element. From Eq. 10-10 we have e,dy 7 iy
i 1A i Y /
€ — £ —350 — 200)(107° - — H
an0, ) _ 0)(10°) R 2
Yxy 80(10 ) ¥ ! —2—,!
Thus, 26, = 81.72° and 81.72° + 180° = 261.72°, so that 4 feee=i7B N
O
0, = 40.9° and 131° dx ;L £
Note that this orientation is 45° from that shown in Fig. 10-6b in @
Example 10.2 as expected. -

Maximum In-Plane Shear Strain. Applying Eq. 10-11 gives

(Vxy)max (Vay)max
¥ Eﬁlglane - (Ex & )2 i (h )2 y! y2 A\ yT_
2 2 2 71\ =

—350 — 200\2 (802 { Y
= [\/ (—2 ) i (7) }(10_6) N 409°
caedy’ NP Eaved X \
Y Topiane = 556(107°) Ans. dy & X
(b)
Fig. 10-7
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EXAMPLE | 10.3 CONTINUED

Due to the square root, the proper sign of y {{{j.ne can be obtained
by applying Eq. 10-6 with 6, = 40.9°. We have
Yx'y! € — € | Yy
= — + —
> 5 sin 26 5 cos 20
B _(—350 — 200

80(10°°)

cos 2(40.9%)

5 )(10—6) sin 2(40.9°) +

Yoy = 556(107°)

This result is positive and so y {i3jane tends to distort the element so
that the right angle between dx' and dy’ is decreased (positive sign
convention), Fig. 10-7bh.

Also, there are associated average normal strains imposed on the
element that are determined from Eq. 10-12:

€x T € =350 + 200
Ean = 2 = 2

(1070 = —75(107%)

These strains tend to cause the element to contract, Fig. 10-7b.
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10.3 MOHR'S CIRCLE FOR PLANE STRAIN

* A geometrical representation of Equations 10-5 and 10-

o0; I.e. o
(gx. — Eag )2 +[7/X2'y'j — R? > I;\ — i ‘
Cave = ¥m__ ,-fll A/E =Lﬂ°
where ! 7

-

E +& e —¢ Y y ’ R=1."'I[EI;E}'] 3
&,,=——>= and R= || —2| +| =2 |
a9 2 2 2 Fig. 10-8

e Sign convention: € is positive to the right, and y/2 is
positive downwards.

y2
|

o
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MOHR’S CIRCLE FOR PLANE STRAIN (cont)

El F | ‘Vl y'
—— \
Q r"—f_‘——’—— \\
D B \ \\
CINS ZBPI Y_L. © \\
) s :
70 q;’ P 2 (] + G:v_)d} \ 3
51 —_—t ——_': P
; A 9 = 0° L o .
Eavg
\., (1 + €;)dx
¥ (a) b
3 (b)
¥y oy E),-dy’
y'y L
Eavgdy’ =TT
N
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EXAMPLE 10.4

The state of plane strain at a point is represented by the
components:

£, =250(10°), &, =—150(10°), »,, =120(10°)

y =

Determine the principal strains and the orientation of the

element.
/'\
D(e:,O)l/ LB(€|.0]

_r
60
|

e (10 e

=50

/ 4
[
J
9 i %
A 4 N
;%-\U ;‘Q
&
b K

Copyright © 2011 Pearson Education South Asia Pte Ltd




EXAMPLE 10.4 (cont)

Solutions
* From the coordinates of point B and D, we have

E, =& e T R =50+208.8 = 258_8(10—6)
E)y =& — R=50-208.8 = —1588(10—6)

 To orient the element, we can determine
the clockwise angle.

60 U
tan 29p1 == Teady - 11"
200 B
epl =8.35° (Ans) Lv___u | , A;’f 0, = 835°
e 75 €dx
(b)
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EXAMPLE 10.4 (cont)

Solutions
* From the coordinates of point E, we have
(7/x'y')_max
mE = 208.8(10°)
2

(Fey Joas  =418(107)

in plane (

€0y =50(10°°)

 To orient the element, we can determine e, |
the clockwise angle. ' )
-' - —*".'-"“T'b:_:é.;s
.L-- = — | A x

o o | W iy

20, =90°-2(8.35°) .

1
(b)

0, =36.7° (Ans)
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EXAMPLE | 10.5

The state of plane strain at a point is represented by the components
e, = 250(107°°), ¢, = —150(107°), and vy,, = 120(10°°). Determine
the maximum in-plane shear strains and the orientation of an element.

SOLUTION
The circle has been established in the previous example and is shown
in Fig. 10-11a.

Maximum In-Plane Shear Strain. Half the maximum in-plane shear
strain and average normal strain are represented by the coordinates of
point E or F on the circle. From the coordinates of point E,

(072% y )"},;,.,..
= 2088109
(Yx’y’)f,’,‘f‘[ﬁam = 418(10_6) Ans.

Eaxvg = 50(10°°)

To orient the element, we can determine the clockwise angle 26,
measured from CA (# = 0°) to CE.

20, = 90° — 2(8.35°)
g, =367% Ans.
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EXAMPLE | 10.5 CONTINUED

This angle is shown in Fig. 10-115b. Since the shear strain defined from
point E on the circle has a positive value and the average normal
strain is also positive, these strains deform the element into the dashed
shape shown in the figure.

e >
=50+ 260,

[

Ymax
E eavg’ inqélane

250

Y =
)

(a)
Fig. 10-11

€ (107%)
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EXAMPLE | 10.6

The state of plane strain at a point is represented on an element having
components e, = —300(107%), B, = = 100(10°%), and
Yoy = 100(107% ). Determine the state of strain on an element oriented
20° clockwise from this reported position.

SOLUTION
Construction of the Circle. The € and y/2 axes are established in
Fig. 10-12a. The center of the circle is on the € axis at

€ (10°) o (—300 ~ 100
avg — \ A~

5 )(104) ) = —200(107°)

The reference point A has coordinates A (—300(10°), 50(107°)). The
radius CA determined from the shaded triangle is therefore

2 (107 R = [ V(300 — 200y + (50% [(10°) = 111.8(10°°)

(a) Strains on Inclined Element. Since the element is to be oriented
20° clockwise, we must establish a radial line CP, 2(20°) = 40°
clockwise, measured from CA (0 = 0°), Fig. 10-12a. The coordinates
of point P (€, , v, /2) are obtained from the geometry of the circle.
Note that

50
(300 — 200)

Copyright ©2014 Pearson Education, All Rights Reserved
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EXAMPLE | 10.6 CONTINUED

Thus,
y y' €, = —(200 + 111.8 cos 13.43°)(107°°)
/ = —309(10°%) Ans.
Vx 'y . 0 —6
S , = —(111.8 sin 13.43°)(10°° )
oo .
fl : K”j _
/ ’.r / Yoy = —52.0107°) Ans.
B ‘.jfff” 230 " The normal strain €, can be determined from the € coordinate of
TN point Q on the circle, Fig. 10-12a. Why?
x’ €, = —(200 — 111.8 cos 13.43°)(107°) = —91.3(107%) Ans.
b
®) As a result of these strains, the element deforms relative to the x’,
Fig. 10-12 y" axes as shown in Fig. 10-12b.
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10.4 ABSOLUTE MAXIMUM SHEAR STRAIN

« State of strain in 3-dimensional space:

(1-e€2)dy ¥
x—y plane strain

(a)
min

o
S
1
3
=
&
N | +
3

h | \ \U
( rz/max
% J(Ytz]mm
~ A

{T.r_r) r;ax

¥ 2
y z/max 2
5 2 (b)
(b) Fig. 10-14 0
Fig. 10-13
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EXAMPLE 10.7

The state of plane strain at a point is represented by the
components:

£, =—400(10°), £, =200(10°¢ ), 5,, =150(10°}

Determine the maximum in-plane shear strain and the
absolute maximum shear strain.

e(107%)

(1075

Fig. 10-15
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EXAMPLE 10.7 (cont)

Solutions
« From the strain components, the centre of the circle is on the € axis at

~400+200(16)_ j00f10-¢)

Cavg =

+ Since 7w _ 75(10‘6) , the reference point has coordinates
A(-400(10°) 7510 ) ﬁ
e Thus the radius of the circle is Jﬁ = | ) <107
~fool—
R = [\/ (400100’ + 757 }(10—6 )=309(10°) - lm =

31075

Fig. 10-15
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EXAMPLE 10.7 (cont)

Solutions

« Computing the in-plane principal strains, we have
(~100+309)(10°)=209(10¢)
(~100-309)10°° )=-409(10"¢)

gmax

gmin
* From the circle, the maximum in-plane shear strain is

— i =| 209—(-409) ](10°) =618(10°) (Ans)

Copyright © 2011 Pearson Education South Asia Pte Ltd

7/max - ‘9max
in plane
« From the above results, we have ﬁ
_ _ |
£ =209(10°) , &, =0, &,,, =—409(10°) e NS
—100}—
* Thus the Mohr’s circle is as follow, ey dmes ™
400

3107
Fig. 10-15

6(10_“)




10.5 MEASUREMENT OF STRAINS BY STRAIN
ROSETTES

« Ways of arranging 3 electrical-resistance strain gauges

i Hf« C @ i 60 j
6./ \/\ \ 45 —-
.__ 3
.-— . a
"7 ' 60° strain rosette
& a
@ (a) 45° strain rosette (c)
b
I/ & Fig. 10-16

* In general case (a):

H—
_—

E

£, =¢€,008° 0, +¢&,sin° G, +7,,sin 6, cos,
&, = £,€0S° @, +¢&,8in° G, +y,, sin G, cos b,

£, =£,C05° G, +¢&,5in° G, +,,5in 6, cosé,

Copyright © 2011 Pearson Education South Asia Pte Ltd



MEASUREMENT OF STRAINS BY STRAIN
ROSETTES (cont)

« In 45° strain rosette [case (b)],

g

Ex a
&

y e

Vxy :2‘9b _(ga +‘9c)
°

« |In 60° strain rosette [case (c)],

Ey =

M

a

g, = (25b +2¢, —ga)

y

N |-

vy =2 (e, +¢,)
Y3
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EXAMPLE 10.8

The state of strain at point A on the bracket in Fig. 10-17a is
measured using the strain rosette shown in Fig. 10-17b. Due
to the loadings, the readings from the gauges give

g, =60(10°), £, =135(10°), £, = 264(10°¢)

Determine the in-plane principal strains at the point and the
directions in which they act.
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EXAMPLE 10.8 (cont)

Solutions @ @
« Measuring the angles counter-clockwise, : b

(b)

6, =0°6, =60°and 4, =120°
« By substituting the values into the 3 strain-transformation equations, we
have

£,=60(10°) , £,=246(10°) , 5, =-149(10°)

« Using Mohr’s circle, we have A(60(10-¢), 60(10-°)) and center C (153(10),

0).

R= [\/(153— 60) +74.5 }(10—6) =119.1(10°°) K \

g =272(10"°) , s o

£,=33.9(10°), e \ 6, =19
(0 | 2

8,=19.3° (Ans) © @
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10.6 STRESS-STRAIN RELATIONSHIP

« Use the principle of superposition

Fig. 10-18

« Use Poisson’s ratio, utera = —VEiongitudina

 Use Hooke's Law (as it applies in the uniaxial direction),

1 1 1
e.=glovlora)] g =glo,-v(ora)]  a=glo-viea)]

o
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