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10.1 Characteristics of Sinusoids

Sinusoids
v(1) . . .
A v(t) =V, sin wt « the amplitude of the wave is I/,
Vin « the argumentis wt
] 1 l T S » the radian or angular frequency is w
-7 A N = « note that sin() is periodic
_Vm—
v(r) . .
4 « the period of the wave is T
- v(t) = Vi sinwt « the frequency 7 is 1/T: units Hertz (Hz)
| | | A 1 2T
T 0 T T 3T T
% T % 1 =—, w=-—=27
4 4 5 4 f T T f
_Vm~
\ v(t) = Vpsin(wt +6)  «  The new wave (in red) is said to /ead the
v, V. sin o original (in green) by 6.
/ / « The original sin(wt)is said to /ag the new
e l /'{w - ot wave by 6.
M « 0 can be in degrees or radians, but the
V[~ V,,sin (wf +0) argument of sin() is always radians.
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10.1 Characteristics of Sinusoids

L R

- Converting Sines to Cosines

—sinwt = sin(a)t + 180°) i

0 100°
—coswt = cos(a)t + 180 ) \
+sin wt = Cos(wt + 90°) > (°
0 -30°
+ cos wt = sin(a)t + 90 ) —26[& ,

vy =V, cos(5t +10)
=V, sin(5¢ + 10" 4 90")
= Vin, Sin(5t + 100) —— V1 = Vpp, sin(5t — 260 )

vy = Vp, sin(5t — 30°) vy leads v, by 130°

v, lags v, by 230
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10.2 Forced Response to Sinusoidal Functions

The Steady-State Response : the condition that is reached after the transient or natural
response has died out

When the source is sinusoidal, we often ignore the transient/natural response and
consider only the forced or “steady-state” response.
The source is assumed to exist forever: —co<t<oo

i R di
AN LE+Ri=Vmcoswt
v, (H)=V,, cos wt G\_D gL Let i(t) = I, coswt + I, sin wt

—LI,wsin wt + LI,w cos wt + R(I; cos wt + I, sin wt) = V,,, cos wt

= (—LIjw + RL,) sinwt + (LI,w + Rl; — V,;;) coswt = 0

B B RV, wLV,,
= —LLw+RI; =0, LLw+RlLH—-V,=0 » h=mr ez oo
_ RV, wLV, .
i(t) = 77+ w22 O wt + B2 T 2250 wt
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10.2 Forced Response to Sinusoidal Functions

° I\/Iore Compact and User—FrlendIy Form

Let i(t) = Acos(wt — 0) instead of i(t) =1, coswt + I, sin wt

i(t) =A tcosO + Asinwtsinf = RV t + WLV t
l = A COS wt CoSs SINwWtSING = RZ n szZ COS w RZ n a)ZLZ SIn w
RV, _ wLV,,
Acost=pe oy A0S
RIVE + w?L2VE  V2(R*+w?L?) V2

A? (cos? 0 +sin?9) = A% =

(R? + w21?)?2  (R?+ w?l?)?  R?+ w?l?

% Asin@ oLV L
Sin R2 + w2L2 w wl
= A= m =t 6 = = -1
VR? + w22 Acosg 0 RV, R = ¢ =tan
R? + w22
v wL wL
i(t) = Acos(wt — 0) = T +ma)2L2 cos (a)t —tan™?! - ) i(t) lags v(t) by tan™?! -
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10.2 Forced Response to Sinusoidal Functions

B

= 8cos 103t

250
AW Ao Ren = 2511100 = 20
I* —100 (10 103¢t)
a Voo = cos
10 cos 103 V {) 30mH§ 100Q§ 10 cos 103 V {,) . e 1oon§ °¢ 100 + 25

Vi

20 Q)

10 T T T T T T T 0.4

—

8 cos 103tV 30 mH

iL (A)

voc (V)

B

, Vi _, oL
i = coS (a)t —tan™ " — ) L
VRZ + w22 R I A e Rk o] A o
time (s) x10'3
8 30
= oS <103t —tan~!— )
V202 + (103 x 30 x 1073)2 20

= 222 cos(103t — 56.3") mA
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10.3 The Complex Forcing Function

With purely resistive circuit, it is no more difficult to analyze with sinusoidal sources than

with dc sources.

It turns out that if the transient response is of no interest to us, there is an alternative
approach for obtaining the sinusoidal steady-state response of any linear circuit.

Euler’s identity e/% = cos6 + jsin6

V,, cos (wt + 0) N

llm cos (wt + ¢)

—>

: 0 .
Vmej(a)t+ ) N llmej(wuqﬁ)

JjV,, sin (ot + 0) N

l jI, sin (wt + ¢)

V, cos(wt + 8) + jV,, sin(wt + 0) = I, cos(wt + ¢) + jI,, sin(wt + ¢)
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10.3 The Complex Forcing Function

- An Algebraic Alternative to Differential Equations

L—+Ri = v, v, = Re{V,,e/*t}

Let i(t) = I,,, cos(wt + 0) = Re{l,,el(@t+PN

v, (1) =V, cos wt C{D L

d . . .
L— (Lpe/@Wtt®)) + R, e/ (@WtHd) = | git

— jwLl,e/@t®) 4 RL e/ (@t+) = |1 it
- jwLl,el® + Rl,e/® =V,
- 1,e/®(R + jwl) =V,

Vin Vim ej(— tan_lw—L)

me TRy joL  VR® f wll2

Vi wlL
Ly, = = —tan 1 —
m VR2 + w22 ¢
] V wl
i(t) = Re{l,, e/ (@tt®) — m cos( t —tan~ 1 — )
o) U ) VR? + w212 @ "R
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10.3 The Complex Forcin

Function

Example 10.2 Find the voltage on the capacitor.

%— let v, = Vel
—3e/3t +ip + v, =0
3 cos SIVCJ_FD ;-C;: ' F —>—36j5t+2d;;2+v62 =0
_ —3e/3t 4+ 2(j5) Ve’ + V;,e/5t = 0

-V, (1+j10) =3
3
=1,

U ™1 +/10

— 3 _ -1 E
Vm_x/12+1024< tan (1))V

1Q
— AM—— tan-i(10
== Doy = 3 p~Jtan 1(11)e]5t
‘G, " V12 + 102
3¢5V D ve, 7= 2 F
» 3
_ _ _ tan-1
ve = Re{vg,} = 107 cos(5t —tan™'(10))

= 29.85 cos(5t — 84.3)
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10.4 Phasor

The term e“! is common to all voltages and currents and
can be ignored in all intermediate steps, leading to the i(1) = 1, cos (i + ¢)
phasor: ,L

i(f) = Re{l, /@ + )}

}

The phasor representation of a current (or voltage) is in the
frequency domain

v(t) =V, cos wt =V, cos(wt + 0°) - ;,20° I=1,¢/®
i(t) =L cos(wt + @) = I,,2¢ i
complex value notation IS
1=1,e/?,
[=1,4¢ Phasor

Example 10.3 Transform the time-domain voltage v(t)=100cos(400t-30°) into the frequency
domain.

V =100z — 30°
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10.4 Phasor

The Resistor

In the frequency domain, Ohm'’s Law takes the same form:

l I
v(t) = 8cos(100t — 50°), R=4Q
O O
+ -
. v(t)
i(t) = = - 2 cos(100t — 50°)
y=Ri R V=RI R
I—V—SL_SOO—ZA £ 00
o > R4

complex voltage and current

v(t) = Vel @0 = cos(wt + ) + j V,sin(wt + 6)
i(t) = I,e/@t+®) = [ cos(wt + ¢) + j I,sin(wt + ¢)

v(t) = Ve (@49 = Ri(t) = RI,, e/ (@t+®)

Vin20 = Rl 24 |:> V=RI in phase
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10.4 Phasor

The Inductor
Differentiation in time becomes multiplication in phasor form: (calculus becomes algebra!)

di(t)
t) =1L
v(t) T
v(t) = Vel (@t+0) — L%Imej(wtﬂp) = jwLl, el (@t+®)
1 [ [
T ]— _ P
. . J=e€e2=cosz+jsIinz
v(t) : V,el =jwLl,e/® . 2 _ Zn
-j =e™’z =cos_ —jsin

V =jwLl I /Jag V by 90

Example 10.4
l I v(t) =82 —50°% w = 100 rad/s, L = 4 H

— S

o 0

’ ' p= Y 8750 602 — 500
di “joL  j100&) 7

S L V=jolLl L

dt = (12 = 90°)(0.022 — 50°)

= = =1=0.022 — 140

12
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10.4 Phasor

B e

The Capacitor

Differentiation in time becomes multiplication in phasor form: (calculus becomes algebra!)

dv
i=C— I=j0wCV , dv(t)
sl e 0 =c—
O O
% * i(t) = Imej(wt+¢) — (;di[/mej(wt%) =jw(;[/mej(wt+9)
t
% —C V - C i(t): I,e!? = jwCV,e/®
o o =jwCV I /eads\ by 90
) Time Domain Frequency Domain
i R . | R
s AN v =Ri V=RI == AN
+ v - + vV -
S i L
+ v - + V -
i & 1 ) 1 I 1/joC
— i v=c [ idi V= ol ==
+ v - + V -
Calculus (hard but real) Algebra (easy but complex)
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10.4 Phasor

° Klrchhoffs Laws Using Phasors
KVL: v (t)+o,t)+---+0,(t) =0 »> V,+V,+---+V, =0
KCL: i,(t)+L,(t)+--+1,(t)=0 —> L+, +---+1,=0

- R
— V.=V 4V,
AAA | V.
_ = RI+ jwll - 1=
t Vi " G -y Y
V, ’J\D Lng
= vt sge g Y Va 4[ -

Example 10.5 Determine I, and i (t) if sources are operate at =2 rad/s and [=2./28° A.

L, L V, = ]%CIC = ——(2428°)
" AAA——s @ . = (0.52 — 90° )(2428°)—14—62°V
1 Q ilRE lci : —1V 1 oo 1
G vV,  2H 20 Pk 22 6_541_ ;
| Iy = lp, +1c = 52— 62°+2£28° =52 — 62°
” 1.5 cos(2t —62°)A

= is(D)
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10.5 Impedance and Admittance

L R R RN AR R RN i e S IS e e S B s S

« Define impedance as Z=V/I i.e. V=IZ

Zz=R Z =jwl Z.=1/jwC L= "‘@ Z=|Z|+6

: : . : , reactance
« Impedance is the equivalent of resistance in the  resistance

frequency domain.
« Impedance is a complex number (unit ohm).

« Impedances in series or parallel can be combined
using “resistor rules.”

e the admittance is Y=1/2

Yo=1/R Y, =1/jwl Y=jwC 1 1
Z R+ jX
o if Z=R+/X Ris the resistance Xis the reactance y
(unit ohm Q) susceptance
o if Y=G+/B Gis the conductance, Bis the conductance

susceptance. (unit siemen S)
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10.5 Impedance and Admittance

Example 10.6 Determine the equivalent impedance of the network working on ®w=5 rad/s.

200mF 2 H Q100
= [—v
10 © 6 () 500 mF == |:> 10 Q 6 () -j0.4 Q==
200mF - i1 500mF — — . 0.4
- = = — - = = —70.
T Sec T js0.2) - T Gec T js05)

2H > jwL =10

6(—j0.4) —j +j10 + 0.02655 — j0.3982

10(0.02655 + j8.602)
10 + 0.02655 + j8.602

10 |l (0.02655 +j8.602) = = 4.255 + j4.929 = 6.511249.20°
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10.5 Impedance and Admittance

Example 10.7 Find the current i(t).
1 kQ V, = 402 — 90°

i(1)

1.5 kQ

B oA -j2) 2+
= 1.5+ - — =154+ —=
; j1+ (1 —j2) 1—j
U =24 1.5 =2.5236.87°kQ
e 1 kQ) V. 40z —90°
NN———VW [=— = = 0.0162 — 126.9° mA
L5 kO Z,, 2.5236.87° "
V., =40/-90° V {D kQ ==—j2kQ
. i(t) = 16 cos(3000t — 126.9°) mA
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Example 10.8 Find the node voltages v;(t) and v,(t).

A\ I\ v,

L —m
Jj10 Q

1/0° A ¢> 5Q ’[—1109 jsQ 100 C@o.s@A

Vi V1—V2+V1—Vz

Vi
1£20°=14+j0 =—
==t St 5 T

Vv, V, V,-V, V,—V
—0.524—-90° = —05(—j1) = =+ =4+ 22—+ 21

10 ' j5 —j5 j10

(0.2 +j0.2)V; — jO.1V, = 1, Vi=1-j2=2242—-634°
—j0.1V; + (0.1 — j0.1)V, = j0.5 E>
V, = =2+ j4 =4472116.6°

v,(t) = 2.24 cos(wt — 63.4°),
v, (t) = 4.47 cos(wt + 116.6°)
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Example 10.9 Obtain the expression for the time-domain currents i; and i..

30 Iy 500 uF B
— AAA |( E
* A

10 cos 103IV<{> §4mH 2i
L 4

1 1 _ —j21, + 21, +j4(1, - 1,) =0

500uF = —=—j = —j2 2 1 2~ 1

K =5ec ™ o300 x 10-6) ~ 7
14 + j8 )
4mH = jwL = j(103)(4 X 1073) = j4 I; = = 1.24£29.7°,
I, = 20+/30 _ 2.77256.3°
30 210 27 13 = '

. I

—\W\ 1
10/0°V {') @ g Q 21 i1(t) = 1.24 cos(103t + 29.7°),
40 i,(t) = 2.77 cos(103t + 56.3°)
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10.7 Superposition, Source Transformations, and Thévenin's Theorem

o

\F I v,

|
1@A<@ 50 T_jmﬂj JRRY 10Q G‘ 0.5/-90° A

B V= (4 _jz)llL

S0 —5G10)  _p o 10+ 2+j4 1490
5||(—110)—5_j10 —15||(110)—m ( ]')(4—j2)+(—j10+2+j4)( j0)
=4—j2 = —j10 —4 — j28 .
=—=2—j2V
6—j8 J
. 10(j5) o4 .
0108) =qg ik 1A= 140 Vig = (4= jD) i |
=2+ j4 0.52 —90° = —j0.5 = (4—j2) _ 2+.J4 —(j0.5)
2+j4)+ (—j10+4 —j2)
_6—j8
\Y v, 6 —
1 100 o 6-J8
=—-1V
1@AQ‘D 4-j2Q 2+ j4Q @ 0.5/-90° A
B ™y . V1=V1L+V1R=2—]2—1=1_]2V
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10.7 Superposition, Source Transformations, and Thévenin's Theorem

Example 10.11 Determine the Thévenin equivalent seen by the —/10 impedance to find V;.

— sl

\f \£!
* —10 Q ¢
I
1/0° A J‘D 4-j20 2440
& L 4
Ref.
.2 Vr)('—
1@A<¢> 4-j2Q 2+j40Q G“ 0.5 /-90° A
2
Z : 110 Q) -
= gy =7
i ] ——I,,
4-j26 2+j40Q 6+j20
v,

th

Voc = Vio — Voo
=4 —-j2)(1+j0)—(2+j4)(0.5)

@ 05/-000A T A=J2—jl+2

= 6—j3

Zep = (4—j2) + (2+j4)
=6+ 2

_ 6—3
1276 +j2—j10
60+ 30

100
= 0.6 + 0.3

I,=(1+j0)—I;,=1—06—j03=04—03A4

V,=(“4—j2)I, =(4—-2)(04—j03)=1—j2V
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10.7 Superposition, Source Transformations, and Thévenin's Theorem

Example 10.12 Determine the power dissipated by the 10 Q resistor.

10 Q
N

5cos 3t A @) ——=02F

(@)

- 4o
10— )+ (—joa)
=1 =79.232—-82.03°mA

II

5/0°A @) —j1.667 QT

@ 2/0° A i'(t) = 79.23 cos(5t — 82.03°) mA
—j1.667 ,
III — 5 0
I —j1.667 + (10 — j0.667) [5+0]
100 = 1" =811.72 — 76.86° mA
AN
R i"(t) = 811.7 cos(3t — 76.86°) mA

p1o = I*R = (i’ +i'")*10
= 10[79.23 cos(5t — 82.03°) + 811.7 cos(3t — 76.86°)]* uW
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The arrow for the phasor V on the phasor diagram is a photograph, taken at
wt = 0, of a rotating arrow whose projection on the real axis is the
instantaneous voltage v(?).

L.
¥ o

Imaginary — Vi V, =3 —j4=52-53.1°
axis (V) ) — N
V, =6+ j8=10s53.1° | \ l
A 1 B AN
]8— L \V1+V2 V1+V2=6+]8+3_]4
_ / =9+ j4
v B /
: ,/ — 9.849/23.96°
10 Ll .
//
53.1° B //
I » Real axis (V) — / A
6 v, v,

I =(+;D)V,

_ 45°
= (2 459V, |<

Y=1+j1

= I, =V;Y =1.4142£45°(10453.1°) = 14.14298.1°

Y
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10.8 Phasor Diagrams

L js0 4+ Vg - I—E— Vg Vs
i AN Z  j50+10—j50 10

: en Vs
V, =501 = 50— =5V,

3|20|2-] 2013428t7| 0| 2A]

10
vV —101—10V5 =V
R= 2710~ '™
V. = —j501 = —j501—(5) = —j5V,

I,=02+j0.1 A
w = 2000 rad/s @) I V§5 Q —~ 350 uF
104 - 90°
———
- V=1/0°V
LetV=120°=1+j0
\ :
Ip =2 =0.2£0° = 0.2 + 0,
\' 120°
I = = 0.1290°

Z. 102-90°

24



10.8 Phasor Diagram

Example 10.13 Construct a phasor diagram showing I, [, and I..

- — LetV=1£0°=1+j0

=1, =1 I
15@ j03s == —jO.lS% 0.2s§v =Tkt h
- = 0.2£0°+ 0.12 —90°

: = 0.2 —j0.1 = 02242 — 26.6°
S>I, =1, +1, =03+ 0.2—0.1
= 0.2 + 0.2 = 0.283245°

I, = 0.2V = 0.220° = 0.2
I, = —j0.1V = 0.12 — 90° = —j0.1
I = j0.3V = 0.3290° = j0.3

} f

IC“

L.
>

I“.Z IL+ IR
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EotR 5.

All figures at this slide file are provided from The McGraw-hill company.
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