Chapter 11

AC Circuit Power Analysis

11.1 Instantaneous Power

11.2 Average Power

11.3 Effective Values of Current and Voltage
11.4 Apparent Power and Power Factor

11.5 Complex Power
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11.1 Instantaneous Power

Instantaneous Power Product of the time-domain voltage and time-domain
current associated with the element or network of interest.

p(t) = v(t)i(t)

R: p(t) =v(®)i(t) = i?(t)R = vzfgt)
L:p() =v()i(t) = z(t)Ld—(tt) % jv(t’)dt’ v(t)

— 00

= %v(t) jv(t’)dt’ assume v(—o0) = 0

dv(t)
dt

C: p(t) =v()i(t) =v(t)C j i(tHdt' |i(t)

1 N et .
= El(t) jl(t )dt" assumei(—o) =0
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11.1 Instantaneous Power

i V R
— AAA—— i(t) = EO (1- e_ft)u(t)
+
R Total power
V(1) C_’) Lg vp p(t) = v(D)i(t) = _(1 e Lt)uz(t) delivered by the
source

. VE _R.N? Power

pr(t) = i*(t)R =R R2 (1-e77%) w2 (t) A Power supplied by source

2 2
= %(1 — e_%) u(t)

Power delivered to the resistor Power absorbed by resistor

d Vo (R
nO =L ;@ b (get)u
Rt

Rt .
+L 0 (1 —e” )S(t) = Vye T u(t) Power absorbed by inductor

L 5> ¢

I e s I B
O 1 2 3 4 5 6 7 8 9 10

V2 Rt
p(®) = 1,0 = e T(1—e ~T9u(t)
. At all times ¢
Power absorbed by the inductor power supplied = power absorbed
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11.1 Instantaneous Power

Power due to Sinusoidal Excitation

Vm wL
i(t) = I, cos(wt + Ly = = —tan~ 1 —
(8= fm cos( 2 " JRT ¥ w2 ¢ tan R
+
v p(t) = v(t)i(t) = V1, cos(wt + @) cos wt
Vil Vil
- = " cos¢ + ———cos(2wt + ¢)

2

Example 11.1 Find the power being absorbed by the capacitor and the resistor at t=1.2ms.

2000
T=RC=200x5x10"%=1ms, v.(0) =40V, i(0) = 0.34 — AA——

t
= i(t) = 300e~ " mA, v.(t)=(100 — 6077) 40+60u(t) CD 511 == o

2
pe(0) = i2(OR = 3002(e™7) (200)

= pr(t = 1.2m) = 300%(e~12)2(200) = 1.633 W

pc(t) = vc(t)i(t) t

t
= (100 - 6077)(300e =
pe(t = 1.2m) = ve(t = 1.2 m)i(t = 1.2 m) = (90.36)(81.93) = 7.403 W
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11.2 Average Power

1
P = P— j p(t)dt Average power selected on a general interval
24U
t1 ) to+T
Average power for periodic waveforms =P=2 j p(t)dt

p(1) tx

I | I | P=n—T p(t)dt,n=1,2,3,-
| | tx
I I I I ) nT/2 . nT/2
| | :
P=— p(t)dt P = lim — p(t)dt
|| || > | nT j SeonT f
v I U; +/;r :\:—; —nT/2 " —nT/2
1 x

Average power in the sinusoidal steady state

v(t) =V, cos(wt + 0) i(t) = I, cos(wt + ¢)

p(t) = v(t)i(t) = VI, cos(wt + 0) cos(wt + ¢) Average power

1
1 . P==V,l 0 —
— Elem cos(6 — ¢p) + Elem cos(2wt + 0 + @) > Vil cos(6 — @)
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11.2 Average Power

e

Example 11.2 Find both the average power and an expression for the instantaneous power.

it o f
17=4COS(€)$V=4LO° 7 =2 ,260° s m L (W, Vo)

vV 420°

=== = 24— 60°
Phasor current 7= 2760°

Average power M
E

1
P =5 Vnln cos(0° — (—60°)) =2 W

N mt Tt o) Tt Instantaneous
p(t) =v(®)i(t) = (4 cos (E)) (2 cos(z — 60 )) =2+ 4 cos( 3 60°) W oower

- Average power absorbed by an ideal resistor

Phase-angle
1 1 1 112 difference is zero
Pp =5 Vnln c0s0° ==Vl = SIZR =-—=  cos(§ — @) =cos0°=1 across a pure
2 2 2 2 R .
resistor
- Average power absorbed by purely reactive elements
Average power for (L, C)= 0 cos(6 — ¢) = cos+90° =0 Py =0
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11.2 Average Power

AR L

Example 11.3 Find the average power being delivered to an impedance Z, by I.

Z, =8-j110Q [=5£20° A —> Pz%léR:%SZS:mOW

Example 11.4 Find the average power absorbed by each of the three passive elements.

20 —i20
A 11 I
A
20/0°V {) /I_l) 20 @ G)l()@v
P = 1V I 0
I, =5-—,10 = 11.182 — 63.53° left source — E mlm cos(6 — @)
1 .
I, =5—j5=7.0714 — 45° = 5(20)(11.18) cos(0 — (—63.53)) =50 W  Deliver
11—12=—j5=54—90° 1
1 1 Pright source — EVmIm cos(6 — @)
—_ _J2p — _(c)2 — 1
Paq =5ImR =5(5)°(2) =25W = 5 (10)(7.071) cos(0 — (—45)) = 25 W Absorb
Absorb

50 =25+ 25

3| 20|2-1 2013123%t7| 0|2 A .



11.2 Average Power

Maximum Power Transfer

An independent voltage source in series
Z, | with an impedance Z,, delivers a
I, _ g maximum average power to that load
¥ Len=Ren + JXtn impedance Z, which is the conjugate of
th ’:’ ZL VL Zl’h:
Z,=R, + jX, = Z, =2y
Ve Vin 1 . Ry +jX
I, = = . Vi=—5 "V = . Vin
Zin+Z, R+ Ry +j(Xen +X1) Zip +17, Rin + Ry +j(Xen + X1)
P =2Vl cos(o — ¢y = 2Vl R+ XL tan (-
2 b cos(f =) = 2 (Ren + Rp)* + (Xep + X,)? I Ry
Example 11.5 Find Z for maximum power deliver. Source voltage is 3cos(100t-3°).
500 Q 3 Q * . * .
AT Z,=12;, =(500+ j3) =500- j3 O
This impedance can be constructed by series
3/-3°V f{,) Z, connection of 500Q resistor and 3.333mF capacitor.
1 : 1 :
I JaC

) 100x3.333x10°
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11.2 Average Power

Average Power for Non- perlodlc Functlons

Usually, the sum of periodic functions is periodic except the ratio of periods is irrational
number.

i(t) =sint + sinmt

i(t + 2nm) = sin(t + 2nm) + sinw(t + 2nmw)
= sint + sin(nt + 2nmw?) # i(t) Non-periodic

i(t) =sint + sin 3.14t

i(t + 1007) = sin(t + 1007) + sin 3.14(t + 1007)
= sint + sin(3.14t + 314m) = i(t) Periodic with period 1007

p(t) = i?(t)R = i*(t) withR =1

T/2 T/2
1 1 1 1
P = lim — f p(t)dt = lim — f (sin®t + sin?wt + 2sintsinmt)dt ==+=-+0=1
-T/2 -T/2

Generally
1
i(t) = Im, cos wit + Iy, cOs wyt + -+ Iy coswyt P = E(I,Zn1 + 15 4+ 15 )R

Example 11.6 Find the average power delivered to a 4Q resistor.

1
i,(t) = 2 cos10¢ — 3cos20t A P=5(2*+3)4=26W
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11 ective Values of Curr d Voltage

effective value of the sinusoidal voltage out.

The same power is delivered to the resistor in the circuits shown.
i(1) L ¢

— . s

: T
. 1
U(f) Ct) R Veff ___ R Ieff - TJ lzdt

V 0
T
11, 11, P=]%_.R . .
P = 7] Rdt =R 7t dt eff The effective value is often
0 0 referred to as the root-mean-

square or RMS value.
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11.3 Effective Values of Current and Voltage

Effective (RMS) value of a sinusoidal waveform

2T
i(t) =1, cos(wt + ¢) withT = —

T 21/ w

10, w 1 1 I,
lerr = lemcos (wt + ¢)dt = In, Ej [§+§cos(2wt+2q[)) dtzﬁ
0

Use of RMS values to compute Average Power

1 V2
P=—I%R =—(\/_Ieff) R=1%R P= zf
1
P = E mcos(@ —¢) == (\/_Veff)(\/_leff) cos(0 — @) ~ P =Vesrlerrcos(6 — @)

Effective Value with Multiple-Frequency Circuits

1
i(t) = Ly, €0S Wyt + Iy, cOSwyt + 4 Iy coswyt = P = E(Irznl + 1%, + -+ 15, )R

— 2 2 2 _
P = (Ieff1 + 12, +---+IeffN)R = lofr —\/Ieff +Ieff + - +IeffN
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Let v(t) =V, cos(wt + 0), i(t) = I, cos(wt + ¢p) phase angle: (8 — ¢)

Average power Apparent power
1 :
P = EVmIm COS(Q — gb) P = Veffleff COS(G — ¢) P = Veffleff unit: VA
Power factor PF = averag power P
apparent power  Vegrlorr
Sinusoidal case pro_ P _ cos(@— gy Pure resistive load: PF = 1
 Veprlesr pure reactive load: 8 — ¢ = +90° - PF = 0

Example 11.8 Calculate the average power delivered to each of the two impedances.
I

2 Jl Q I = i 1 - 13° A I =12
- = =122 53.13 rms ff
/0°V . +j5Q) — R = =
ot/ 0, Vimms C) 1+/5 Pupper - Iesz top — (12)2(2) 288 W

Prower = IeszRright = (12)2(1) =144 W

Apparent power: Vo¢rlorr = (60)(12) = 720 VA

P _288+144_432_
Vorslopr 720 720 99T

Load: inductive PF =
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11.5 Complex Powe

B

*

Define the complex power S as S=Vl .=V,

o _
il€ P =P+jQ

- the real part of S is P, the average power

- the imaginary part of S is Q, the reactive power, which represents the flow of energy
back and forth from the source (utility company) to the inductors and capacitors of
the load (customer).

Average power

P = Veffleff COS(Q — ¢) = VeffleffRe{ej(9_¢)} = Re{Veffejeleffe_jd’} = Re{VeffIfo}

: . , * = —Jjo
Q = Vesrlesy sin(6 — @) reactive power unit: VAR Lepr = lesre
TABLE _ 11.1 Summary of Quantities Related to Complex Power
Quantity Symbol Formula Units
Average power 1& VeseIletr COS(O — @) watt (W)
Reactive power 0 Vet Lot SIN(E — ) volt-ampere-reactive (VAR)
Complex power S P+j0Q
Vestleti /0 — @ volt-ampere (VA)
VeerLew
Apparent power IS| Vet Losr volt-ampere (VA)
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11.5 Complex Power

The Power Triangle

Im
A
6 — ¢ > 0: power factor is lagging
(inductive load)
S 0 6 — ¢ < 0: power factor is leading
(capacitive load)
kel > Re
P
Imaginary
A v » Real power (average power) : the magnitude of
= voltage phasor x the magnitude of current phasor
which is in phase with the voltage.
Ieffcos (H—Q')) R : d . h
L. sin |0 — o) . eactlye power (quadrature power) : the .
o magnitude of voltage phasor x the magnitude of
L, current phasor which is 90° out of phase with the
i~} ’ voltage.
> Real
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11.5 Complex Power

= i B SaVI V(14 L) =V + 1) =S, + S,

Example 11.9 An industrial consumer is operating a 50 kW induction motor at a lagging
PF of 0.8. The source voltage is 230 V rms. In order to obtain lower electrical rates, the
customer wishes to raise the PF to 0.95 lagging. Specify the suitable solution.

O »
" il lll llz S; : 50 kW induction motor at a lagging PF of 0.8
Y 2 i S e =V, eilyrps O .0
230 V rms (motor) (corrective 1= Verrlerr = Veffleff< 0 = ¢ = EL —¢
5 device) _ 20K cosm10.8 = 22KL309” oy L i35 kya
° ° ~ 08 ©= "8 0TI
In order to achieve PF of 0.95 S,
> S =V =1 ==
50k ~ _ V
$S=8,+S, =——=2cos 10.95 =50 +j16.43 kVA —j21.07 X 103
0.95 = = —j91.6 A
230
= S, =S—S; =50+16.43 — 50 +j37.5 = —j21.07 kVA VvV 230
Z, =—= = —j2.510Q
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11.5 Complex Power

TABLE _ 11.2 A Summary of AC Power Terms

Term Symbol Unit Description

Instantaneous power p() "% p(t) = v(t)i(z). It is the value of the power at a specific instant
in time. It is not the product of the voltage and current phasors!

Average power P W In the sinusoidal steady state, P = %Vm I,y cos(6 — ¢), where 0
is the angle of the voltage and ¢ is the angle of the current.
Reactances do not contribute to P.

1 v
Effective or rms value Ve QLo VorA Defined, e.g., as Ieff = | [ 7 / i2dt;if i(f) is sinusoidal,
0

then Io = Iy /2.
Apparent power |S| VA IS| = Vesrlesr, and is the maximum value the average power
can be; P = |S| only for purely resistive loads.

Power factor PE None Ratio of the average power to the apparent power. The PF is
unity for a purely resistive load, and zero for a purely
reactive load.

Reactive power Q VAR A means of measuring the energy flow rate to and from
reactive loads.

Complex power S VA A convenient complex quantity that contains both the average
power P and the reactive power Q: S = P + jQ.

Homework : 117+ Exercises 59| Hiz= &X|. 7|2 0AF & 0§ N Z=.
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All figures at this slide file are provided from The McGraw-hill company.
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