10.5 Properties of the z-Transform
10.5.1 Linearity
x[n]«=— X, (z), with ROC=R,
[xz[n]<—z—> X,(z), with ROC=R,
= ax,[n]+bx,[n]«Z—aX,(z) +bX,(z), withROC contaning R, NR,

10.5.2 Time Shifting

x[n]«=— X (z), withROC=R

= X[n—n,]«=—>2"" X (z), withROC = R(expect for 0 or «)
10.5.3 Scaling in the z-Domain

x[n]«—=— X (z), withROC=R

= z)X[n]«Z*— X[ij, withROC =|z,|R

0
-Special case:z, = e
el y[n]«2-> X (e 7'z) (Fig.10.15)
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10.5.4 Time Reversal

x[n]«—=— X (z), withROC=R

= X[-n]«=—> X (Ej withROC = %
z

10.5.5 Time Expansion

X [] = x[n/k], if n isamultipleof k
L7 0, if n is not a multiple of k

x[n]«=— X (z), withROC=R
= Xo[n]«=— X (z“), withROC=R""
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10.5.6 Conjugation

x[n]«—=— X (z), withROC=R

= x"[n]«2> X *(z"), withROC=R

Note) x[n] isreal = X (z)=X"(z")

- If X(z) hasaploe(or zero)at z=z,, at z=12,7

10.5.7 The Convolution Property

x [n]«<Z— X,(2), with ROC=R,

X,[n]«=— X, (z), with ROC=R,

= Xx,[n]*x,[n]«Z— X,(2) X, (z), with ROC contaning R, R,
(Derivation : Problem 10.56)
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10.5.8 Differentiation in the z-Domain

x[n]«~=— X (z), withROC=R

, dX (2)

= nx[n]«=— - , withROC=R

Ex. 10.27) X(z)=log(1+az™), |z|>a]
-1
nx[n]«*— -z aX(z) __az —. |2|>q
dz 1+az
From a"u[n]«=— 1 —, |z|>|al (Example 10.1)
1-az
a(-a)"u[n]«=— A —, |z|>]a (Linearity)
1+az
n-1 Z az_l ; iFti
a(-a)" u[n-1]«—— -, |Z|>a] (Time shifting)
1+az
x[n]:_(_na) u[n—1]
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10.5.9 The Initial-Value Theorem

%/// Causal Sequence
x[n]=0,n < 0= x[0] = lim X (2)

pf) X(2)=xn]z" for causal x[n]

n=0
z"—>0 forn>0
Z—> o, :
z7"=1 forn=0 O(numerator) < O(denominator)
Note) Fora causal x[n], x[0]: finite # of finite zeros<# of finite poles

= lim X (z) is finite. (What does this mean?) /

Ex. 10.19) Checking the correctness of the z-transform calculation for a signal

(Example 10.3)

i)
!irUOX(z)=1:> x[0]=1: consistent x[n]=7(%j u[n]—6(%) u[n]

10.5.10 Summary of Properties (Table 10.1, p. 775)
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10.7 Analysis and Characterization of LTI Systems
Using z-Transforms

For discrete-time LTI systems,

Y(2) =H(2)X(2)

H (z) :systemfunction or transfer function of thesystem

ﬂ 7 =el?

H (e'*) : frequency responseof thesystem
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10.7.1 Causality

For a causal system

H(z) =Y h[n]z "

A discrete-time LTI system is causal
Iff the ROC is the exterior of a circle, including infinity.

A discrete-time LTI system with rational system function H(z)
Is causal iff

(a) The ROC is the exterior of a circle outside
the outermost pole (property 8)

(b) O (numerator) < O (denominator)

Property 8 : X(z) : rational, x[n] : right sided
=> ROC : the region in the z-plane outside the outermost pole.

(fRas?)
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— (Sufficient and Necessary)

An LTI system is stable iff the ROC of its system function
H(z) includes the unit circle.

A causal LTI system with rational system function H(z) is stable
Iff all of the poles of H(z) lie inside the unit circle -
I.e., they must all have magnitude smaller than 1.
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Ex. 10.22)

yA

H(z)=

+ )
7t 1-2771

N | =

— > 2= hn] = ﬂ;j " 2"}u[n] (causal but unstable)

However, ROC:% <|z]<2

h[n] = (%jn u[n]-2"u[-n—-1] (noncausal but stable)

ROC:|z|< % h[n]= —K;J 42 :lu[— n—1] (neither causal nor stable)
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10.7.3 LTI Systems Characterized by Linear Constant-Coefficient
Difference Equations

1 1
yinl=2 yIn=1]=x[n]+2Zx[n—1]

Y(2)-1z27Y(2)=X(2)+127X(2)

Y(2) = X(z){1+ z 1} H(z) = ;((((zz)) = ti;

) ROC:|z| > % h[n] = (%jnu[n] + (%)(%)n_ ufn—-1]
i) ROC:|z| < % h[n] = —(%)nu[—n _1]_(3(%)1 u[-n]

(anticausal & unstable)

..We need H (z) and an additional constraint of the causality or thestability.
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10.8 System function algebra and block diagram representations

Y@ _pypy= @
X(2) 1+H,(2)H,(2)
+ e[n] H
x[n] %@— h11[(rf]) _ I_ e
- Ha(2) | g
h[n]
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Ex. 10.28) y[n]—% y[n—1] = x[n] H(z) = [1 . J

x[n] —;-GP l » ¥[n]

1 |—— win]

X [11] e {4 » y[N]

WE_N%
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Ex. 10.29) H(z)=—— _ m_— @:_224)

4 4
o~ vl T A :
x[n] {4 — y[n]

1 l t l |
| 11 1
| 11 I
: 2| e :
| 1 & |
1 1 |
I Pl 1
: g iy L :
e o e e L e L - ____ I e e e e e e e o _____ 1

(@)

x[n] —»@ > + » y[n]
'y
2—1
51y P S
_ (b)
w Ol ¥
fE
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B 1 B 1
(+iz79)@A-1z") 1+iz7-1iz77

Ex.10.30)  H(2)

y[n]+%y[n—1]—%y[n—2]= [n]

x[n] -—@ » y[n]
(+>4— -—-% e s ML

A

1 | e[n]

@ direct form

x[n} + >+ > yln}
] ]
2! z 1 1
1 1 H (Z) - 151 1571
. ) cascade form
&atﬁ @
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(c) parallel form: Partial fraction

1 1
H(z)= (1+§z‘1)(1—}1 z‘l) - 1+iz7t-1z77
2 1
— 3 3
riz?) 227

z
X[11] s

(LT[
4

y[n]

|-
+
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—2

EX.1031)  py(7)= 12 231

1,151 15,2
1+42 " —352

1) Direct-form representation

H(z) = _} - (1—121 1 zzj
1+327 -5z 4 2

ii) Cascade-form X[} —-(+ ) (- — vinl
1 lz—l . -1 1
H(z) = T4 — 1 22_1 z
1+527 \1-3z : >
-'ll———z"'( e ' -
Y }
1) Parallel-form z!
:
Hz)=4+23 1483 5 i 2

1+iz% 1-1z7
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10.9 The Unilateral z-Transform

e Bilateral z-transform vs. unilateral z-transform

e Unilateral

- useful in analyzing causal systems specified by linear constant-
coefficient difference equations with nonzero initial conditions

(i.e., not initially at rest)

- Notation

X(z) = ix[n]z‘n

n=0

x[N]«%£—%(z) = UZ{X[n]}

- the bilateral transform of x[n]u[n]

- ROC : the exterior of a circle

\q)
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10.9.1 Examples of Unilateral z-transform and Inverse Transforms

Ex.10.33)  x[n]=a""u[n+1]
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Ex. 10.34) (compare Examples 10.9 ~ 10.11)

3 6
O i)

4

- ROC must be the exterior of the circle

~z >l
3

= X[n] = Gjnu[n] + Z(Qnu[n] for n>0

: Dept. of Electronics Eng. -19-

DH26029 Signals and Systems



 Inverse unilateral z-transforms

- long division in the ROC ‘Z‘ > \a\

%(z2) = % =l+azt+a’z " +--
1-az

p@)
q(2)

» Rational function of Z:

- for this to be unilateral transform,

Deg. (numerator) < Deg. (denominator)
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10.9.2 Properties of the Unilateral z-transform

* Identical to the bilateral counterparts
- Linearity
- Scaling in the z-Domain
- Time expansion
- Conjugation
- Differentiation in the z-Domain

» Fundamentally a unilateral property
- Initial-value theorem (" requirement : Xx[n]=0 for n < 0)

* No meaningful
- Time-reversal property
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e I[dentical in the convolution property
X,[n]=x%,[n]=0 forall n<0, then

= x,[n]# %, [N]«E— %, (2)%, (2)

Ex. 10.36) Causal LTI system
y[n]+3y[n—1]=x[n] with the condition of initial rest

1
J(z) =
(2) 1+3z7
If X[n]=cau[n], theunilateral(and bilateral) z - transformof y[n]

) e (@4 14
GQ[Z] = f}C(Z)@C(Z) - (1+32—1x1_ Z—l) o 1+ 32 1 Z

= y[n]= “B + @(— 3)“}u[n]

« Difference in the convolution property
- If x,[n]or x,[n]is nonzerofor n <0,
Z{x[n]*x,[n]j = Z{x [n]}- Z{x,[n]}

UZ{x [n]* X, [n]f = UZ{x, [n]}- UZ{x,[n]]

\}

‘h%
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* The shifting property for the unilateral transform
1) y[n]=x[n-1]
Y2) =S xn-1z" =x[-1]+ > x[n-1]z "
=0 n=1

n

o0

-1+ Y K]z " = x[-1]+ 2 ¥n]z "

n=0

= x[~1]+ 27%(2) (the time delay property’

i Y win] = y[n—1] = x[n— 2]
W(z) = X[-2]+ 27Y(z) = X[-2] + X[-1]z ™ + 27°%(z2)
Then, UZ{X[n—m]}="

* Time advance property for unilateral transforms

X[ +1]«—=— z%(z) — zx[0]
pf) Problem10.60

B
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10.9.3 Solving Difference Equations Using the Unilateral z-Transform

Ex. 10.37) causal LTI system

y[n]+3y[n—1] = x[n]
X[n]=auln], y[-1]=4

Y(z)+38+327%Y(z) = 1_0‘2 -
| 3 o
Y2)= 1+3z7° " (1+32‘1X1—z‘1)

4

zero-input response
zero-state response

3 2
7) = +
Y2) 1+3z7% 1-z71

= y[n]=[3(-3)" +2Ju[n], n>0

(=8 & =1
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