4.3 Properties of the continuous-time Fourier transform
1 ceo . |
X(t)==—[ X(jw)e"daw
27w
X(jw)= j'_+oox(t)e"'“’tdt

4.3.1 Linearity
X(t) <> X (Jw)
y(t) «——Y (jw)
ax(t) +by(t) «——aX(jw)+bY (Jw)
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4.3.2 Time shifting

X(t—t,) «Z>e X (jo)

Ex. 4.9) 0

X(t) :%xl(t—2.5)+x2(t—2.5) L

@
X, (jo) = 25in(a)/2)’ X, (jo) = 2sin(3w/ 2) e
@ Q
X(jo) = e—jSa)lz{Sin(a)/Z)-l- Zsin(Ba)/z)} 5
“ 1, X[t

(c)

z [2te] |5 Dept. of Electronics Eng. -2- DH26029 Signals and Systems
%Covﬁ p g g Y
7/t M‘\'



4.3.3 Conjugation and conjugate symmetry

X (t)«> X (—jw)

X(—jo)=X"(jow) [x(t): real]| ;conjugate symmetry — *

P X (i) =| [* xerdt | =[x e dt= [ x(ve dt = X (jo)
o For x(t) real & even, -t—t
X(—jo)=[" x(t)eiwtdti j T x(=t)e I (—dt) = j ‘1 x(~t)e I dt

:' x(t)e” dt=X(jo)  — **

X (jo)=X(-jo)=X(j)

= X(jo)=X"(jo) :realfunction

 Forx(t) real & odd, = X (jo) =—X"(jw) :purelyimaginary function

x o &
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X(t) <2 X (jw): x(t) is real
X(t) = X (t) + X, (t)

Fx(®)} = Fx. (O} + F{x, )}
Ea{x(t) <> Re{X (jo)|
Od{x(t) }«Z— jTm{X( j@}

4.3.4 Differentiation and integration

dx(t)
dt

dx(t)
dt

—2 T joX (o) ( -1 rooja)X(ja))e"”tda))
27T 9=

[ X2 X (j) + 7X (0)5(0)

) "
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Ex. 4.11) Fourier Transform of the Unit step function

X(t) =u(t)
g(t)=o(t)«—GC(jo)= 1

x(t)=[" g(r)dr

CU92) , 16(0)5(@) = L + 78(e)
jo jo

X(Jo)=

X (jo) = —— + 75 (o) X
o
Ex. 4.12) 1 T
; 1
G(Ja)):(zsmwj—e‘”—e“‘” T
' @ ‘ ; (@)
~ (i N ‘.- .................. _‘_' ::::::::: ................ 2
X (ja)) — G(-Ja))_'_ﬂG (0)5 a'j)--..--...,_._._.:_'.'.'.'.--.-..,..::.' .......................
.................................................................. 1
_ : ) R 1
:Zslnza)_Zc_OSa) L9ty = %: ] 1' e v} I {'t
W Q) Feeseeesceecineennd
J J (b) - -
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4.3.5 Time and frequency scaling

X(at) «—+—>— 1 X(ij
&l

4.3.6 Duality X (t) «Z— 22X(—w)

1 ti<t, _ 2sin T
xl(t)={ o X (Jo) = S
>T, @

27 sIintwW sinWwt

X, (t) = X, (1) = - =27 ~ 27X, (—w)
sinWwt . _ 1 ‘a)‘<W
I 3x(—w)=X,(jw) =
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X (1)
2T,
1 - it
—1 T T
-T, T, t \/ ~
X (t) X o)
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Ex. 4.13) g(t) =

1+t°
I D VT PR
X(t)=e "« X(jw) = >
)
e_‘t‘ :i OO( 2 Zjejaf[da)
27\ 1+ w
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e Other Dualities

dx(t) s

_dX(Jo)

" > joX (jo) < — jtx(t) <=

dw

Proof) dX(je)

= [ T- jx(e " dt < - jix (1) «Z

dX (jw)
dw

X(t—t,) «Zse X (jw) < e x({t) LI X (j(o— o))

[ x@dr i X (j@)+ X (0)(0)
B i

& —% X0+ 2(O)50) < [ X ()l

X O 5
4> ‘%
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4.3.7 Parseval’s relation

N T
[ x| dt = o |
| x) dt =

=[ x(t){i | CX( ja))ej“"da)}dt
o —0 272- 00

X(ja))\zda)

'°°OO x()x" (t)dt

1 coo . . - |
I R ja))[ [ x(t)elwtdt}da)
272- J -0 —©
1 = :
=— |X (ja))|2da)
21 ¥
. 2
. \2. : ‘X (JCO)‘ _ .
X (jo)|"; energy - density spectrum, s enegry per unit frequency
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Ex. 4.14) Evaluate the following time-domain expressions: E = J'OO \x(t)\zdt

X(jeo) d 0
=—X
T Soln.) at t=0
VT2 1 o , 2 5
=—| X(jo) do=—=, E, =1
| X (je) 5 B
-1 =05 0 0.5 1 ) d _ - - -
@) g(t) = XM joX (jo) =G(jo)
X(jw) 1 co _
. g(t):—j_ G(jw)e' " dw
fraw 272' ®©
1 po .
B D:g(O):Ej_wG(Jw)da)
8] 1 w l .
=— joX (Jow)do
N |, ioX(je)
1
{b) Da = O, Db = —T
T
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4.4 The convolution property

» Eigenfunction approach

X(t) = %_‘: X (jo)e'”dw = lim ZL Z X (jka, e w,

0)0—)0 7[ k—

—00

H (jkep) = [ h(t)e **dt

Z X (Jkay)H (jka)o)ejk%ta)o

K=—c0

:ij‘” X (jo)H (jo)e*dw
27 I

1
wy—0 27[

y(t) = lim

=Y (Jo)=H(jo)X(jo)
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« Another approach (time-domain convolution)
y®) = [ x(2)h(t—z)dz
Y(jw)=Fyt)}= '“”[ [ “x(x)h(t—7)d T}e—jwtdt

Y (jw) = ”x(r)[_'”’ (- r)e‘j‘”tdt]dr

o —O0O —Oo0

.+

= ["x(@)e 7| [Th(t—z)e 1 dt [dr

o —O0O —

Y(jo)=[ X()e " H(jo)dz=H(jo)| x(r)e s

‘ y(t) =h(t) *x(t) <Y (jo) = H(jo) X (j)

¢l 2] [ Dept. i . 13- -
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X(t) ! Hy (j0) frmmm| Hi(j0) et (1)

X(t) et H 1 (e} H{ 0) e ¥/(1)

{b)

() it H {0} | Hy(j) f— (1)

()

H(Jo)=H,(Jo)H,(jo)
h(t) = hy(t) *hy(t)

g | Dept. of Electronics Eng. -14- DH26029 Signals and Systems
7/t M‘\'

I



EX. 4.15)
h(t) = 5(t—t.)
H(jo) =e ™
Y(Jo)=H(Jo)X(jo)
=e 1% X (jo)
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Ex.4.19) h(t)=e™u(t) , a>0
x(t)=e™u(t) , b>0
y(t) = x(t) = h(t)
. 1 : 1
X(JC!))Zb—. , H(Jo) = -
+ Jo a+ jJw

1
(b+ jo)(a+ jo)
using partial fraction
Ifa=b

. 1 1 1 1 —at —bt
Y{e)= b—aLH jo b+ ja)}: ORI 10

=Y (jw)=

If a=Db

Y(Jjo)=

—— = y(t) =te ™ u(t)
(a+ jo)
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Ex. 4.20)

x(t):smwit | h(t):sma)ct (LPF)
Y(Jo)=X(Jo)H(jo)
_ 1 o <minfe, o]
Y(Jo)= u
0 elsewhere
Sinaw, t 0, <o
y(t) =1 Sirleta)-t
— o, <o,
7t
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4.5 The multiplication property

Convolution property in the frequency domain (duality):

r(t)=st)p(t) «—R(jo) =%[S(J'w)* P(Jo)]

Ex. 4.21)
p(t) = cos w,t
P(Jw) =m0 (w—w,)+ 70 (0 + w®,)

p(t)s(t) «E—>0.55(w—@,) +0.55(w + w,)

x o &

nan®, '
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Ex. 4.22) g(t) =r(t) p(t) «"—>G(jw) = i[R(jw) *P(Jo)]

R{jw}
«<~ A/2
g @) wy w
o P(jw) T
- {1}0 (b) UJU w
G{jw)
A/d A/2 A/d
/‘4\ f'/J_\
—2t110 _(.l..'l'| (9 2(1]0 €3]
()
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Ex. 4.23)

: .1
sint-sin —
x(t) = e
sint
X(t):ﬁ(smtj 2
i i
i Ta Lo
X (j) :Eg{smt}*g sin
2 i i
4 X(ihl)
1/2
| [ |
_3 1 1 3 w
2 2 2 2
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4.5.1 Frequency-selective filtering with variable center frequency

»- f(t}

g 1ot ideal lowpass
filter
H(jw)
t 1 wit
() ~() y{t) . (t) . @
_(l)o UJD w
H(jw}
1
| —
_UJC i
-1—2(110—)»

Bandpass filter

O &

Y (jor)

—————

Frequency response of
ideal lowpass filter “‘H'

o

(7“)0 - (110) (“mc + (.00)
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4.7 Systems characterized by linear constant-coefficient
differential equations

ZN:a dky(t)_ib d“x(t) Assumption

k k k k o0 :

k=0 dt k=0 dt H(ja)):_[ h(t)e™'“'dt converges
taking Fourier transform =

> a,(j0)'¥ (jo) =Y b, (j0) X (jo)

k=0

9%

& "
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Ex. 4.25) Consider a stable LTI system

d 2y(t) n 4% +3y(t) = ax(t) + 2X(t)

dt? dt dt
: (joo)+2
H =
UO) =0V catio) e
B Jo+2
_(ja)+1)(ja)+3)
1 1
2 + 2

N jo+l jo+3

h(t) = %e‘tu(t) + % e 'u(t)
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Ex. 4.26) Consider a stable LTI system

d*y(t) N 4dY(t) 3 (t)_dx(t)+2x(t) and x(t)=e'u(t)

dt® dt
: : : Jo+2 1 Jo+2
Y =H X = —
()= Htioxtio)=| 58 |50 (io+1f (jor+3)
Au Ay L Ay
= — _ ~ + -
jo+l (jo+1)} jo+3
1 1 1
__ 4 2 4
jo+l (jo+1f jo+3
1 1 1
t)=|=Ze'+=tet == |u(t
y(t) L 5 1 }()
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