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The Discrete-Time Fourier Transform
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5.1 Representation of Aperiodic Signals
. The Discrete-time Fourier Transform

5.1.1 Development of the Discrete-Time Fourier Transform

x[n]
—N, 0 N n
(a)
X[N]
—N =N, 0 N, N n
(o)
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X[n] = Zakejk(Zn/N)n
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Letus define X (€)= x[n]e™"
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As N goes to infinity, @, becomes 0, ke, — @, and X[n] — x[n].

1 o
X[n] = —j X (e')e'""dw : Synthesis equation
277 °°"

~+00
X(e'")= Z X[nJe™ " : Analysis equation

N=—00

X (e'") : discrete - time Fourier Transform(DTFT)

\} : the spectrum of x[n]
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5.1.2 Examples of Discrete-Time Fourier Transforms

EX. 5.1)
N
g A
A
} 1-a | |
2w —r 0 T 27 W
¥ X(e)

£ X(eh)
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ftan’1 (a/\/1_—_az) 1 1 \/
(b)\ _tﬂn‘] (Ial/\/1 - 32)

(@)

X[n]=a"u[n], lal<1

X(€©“)= > a"u[nle’ =) (ae )" = .
(€)= Ya'ulnle " =3 (e )" = —

N=—o0
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Ex.5.2)
x[n]=a" lal<1

X (er Za \e jon
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a'e " +Z(ae’“’)
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Ex. 5.3) il 1L, |n<N Note) Continuous-Time Fourier Transform
10 > N, Ex. 4.4) X(t) = 1 [t|<T,
t|>T,
: 1
SIN @ N + — ] T _ Sin T
X (1) = ie‘j“’” _ ( 1 2) X(jo)=][e™dt=2 s
=N, sin(w/2) W
] x(t)
w_;l.]).l_’_-_
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5.1.3 Convergence issues associated with the discrete-time Fourier
transform

 The analysis equation

400 +00

Z\x[n]\ < o0 or Z\x[n]\z <0

N=—o0 N=—o0

* The synthesis equation

. no Issues of convergence
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5.2 The Fourier transform for periodic signals

X[n]=¢e"" X ()= > 275 (0w, — 27L)
{=—00
X(e")
2T
(wq — 4m) (g — 2m) @y (wg + 2m) (g + 47)

1 jo jon on
Check) %_‘.ZﬁX(eJ )e! da)—%j 2%5(60 W, — 270)e' " dw

:erO
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x[n] = el sy X (e17) = §2ﬂ5(a)— Kaw, —27l)
|=—00

x[n] = a ™" == X (&)= 2m,5(w—ka, —27l)
|=—c0

XInl= > a,e™ ™" o x(eiv) - S S 278,5(w— ke, - 2)

k=<N> k=<N> l=—c0
:Z ZZnaké(a)—ka)o—Zzzl)
lI=—0 k=<N>
Refer to Fig. 5.9 at page 370 ks
J bag =3 Y 2m,5(@- 2 (k+ NI))
|I=—00 k=<N> N
= Z Zﬂamé‘(a)—%zm)
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Ex. 5.5)

T 2
x[n]=cosa)0n=§e’“’° +oe oo \with @, = <=

X (e1”) = iw(w——zmj+2n5(w+—2mj

X (') = 7r5(a)—25ﬂj+7r5(a)+25ﬂj, (-1t <w<r)

X(e")
—2I’!T 1 —wg 0 g 27 w
(—2% “wg) (—2wt+eg) 2r—wg) (29 +wg)
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EX.5.6)  xn]= 3 6[n—kN] -

1 .
a, =— Zx[n]e jk(2z/N)n

n=<N >

- z S sn-INERe ] I ’ -\ ] ,. l

N=<N>|=—w

_z Zé‘[n IN]e jk(2zIN)n _4%:4_ w

I:—oo n=<N> (b)
400 N-1
= Z 25[n IN]e jk(2z/N)n
|——oo n=0
1 .
N X(e)= ZM——
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5.3 Properties of the discrete-time Fourier transform

5.3.1 Periodicity of the discrete-time Fourier transform
X (ej(a)+27r)) _ X (eja))

5.3.2 Linearity of the Fourier transform
ax,[n] +bx,[n]«—=—aX,(e'*) +bX, (e')

5.3.3 Time shifting and frequency shifting
X[n—n,]<=—>e " X (')
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Hip(e")

EX. 5.7) 1
| | I I
—2m mk —Wyg Wg ™ 2w w
(a)
Hipe™ ™)
— 1
I | L |
—2% —-n \ ™ 27 w
—{m g (m— )
(b)

Hip (@) =Hy (") h_(n)=e"h, [n]

= (=1)"hy,[n]
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5.3.4 Conjugation and conjugate symmetry

K[l X" ()

X (€)= X"(e), [x[n]:real] conjugate symmetry

Eo{X[n]}—"— Re{X (e")}
Od{x[N]} <" jIm{X (e")}

5.3.5 Differencing and accumulation

n

> x[ml«——

=—00

X[n

y[n]

—x[n-1]«—>@1-e )X (')

= Zn:x[m] — Y[n]-y[n-1]=x[n]
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