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W.F. Riley, L.D. Sturges, and D.H. Morris, 2007.

> Prerequisite : Knowledge of Statics, Basic Physics, Mathematics, etc.
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Analysis of Strain

e Displacement
> Movement of a point with respect to some convenient reference system of axes
> Vector quantity

u, : Scalar components of displacement in the x-direction
Vg : Scalar components of displacement in the y-direction

v iod
e Deformation (o) [ﬂ ! :
> Change in dimension associated with * B, 2% ;
relative displacements 1
> Related to force or stress or to a change in B, " T W
temperature ¥ Lol [
” 1
e Strain @ (®)

> Quantity to measure the intensity of deformation (deformation per unit length)
> Normal strain (&) - change in size
> Shear strain (y) — change in shape (change in angle between two orthogonal lines)
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Analysis of Strain

o Average axial strain

%,
‘9avg - A

¢ Axial strain at a point : non-uniform deformation

£(P) = lim A% _ 95,
AL=0 A/ O'L

e Shear strain

Y avg :%:tan¢z¢ (/f é;/L <0001)

y(P) = lim 8% % _ T _4
A0 AL dl 2
¢ Unit of strain (Dimensionless)
> Normal strain : (in/in) or (uin/in)
> Shear strain : rad or urad

¢ Sign convention

> tensile normal strain : elongation (+)
> compressive normal strain : contraction (-)

Original L =8,
outline
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P | _f,.
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> shearing strain : (-) if angle increases and (+) if angle decreases
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Analysis of Strain

(Example 3-1) 1 in-diameter steel bar is 8 ft long. The diameter is reduced to 0.5 in in a
2 ft central portion of the bar. When an axial load is applied to the ends of the bar,
the axial strain in the central portion of the bar is 960 pin/in and the total
elongation of the bar is 0.04032 in. Determine (a) the elongation of the central
portion of the bar, (b) the axial strain in the end portions of the bar.

(Sol) .
@ &5, = ,,L = 960 (107°)(2)(12) = 0.023 /n H —
, 17 0.5” 17
®) 5, =35,,, — 5, =0.04032 — 0.02304 = 0.01728 in 7
5. 0.01728 . o 4 ft 2 ft 4 ft
= = =240 (10°°) = 240 uin/in
T T Te2) 10°) a

(Example 3-2) Determine the horizontal movement of point A under shear force V
causing average shear strain y,,, of 1000 pm/m.

.,v

5, =0
, s A (Sol) 0,
TR .A p Vag = T
T o 7] -6
lf mm ;‘f !},’ llo mm 5/4 = ]/anL =1000 (10 )(10)
o Y - =0.01mm =10 um
(a) (b)
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Analysis of Strain

(Example 3-3) Rigid bar FEBC is supported by two steel rods. After load P is applied, the
axial strain in the bar DE is 0.0006 in/in. Determine (a) axial strain in the bar AB
and (b) axial strain in the bar AB if there is a 0.001 in clearance in the connection at
B before the load is applied.

2 B(,L
o (Sol) § 5 :\/u§+(L+v5) - L §>A)B=L
_'-._:_L_-‘ 2 2: 2 2 2 B’(-u,L+V)
DT 4 T 5/415’ + 2§A5’L + L L5+ ZVBL + UB + VB - /IZ\B’:[(%UB)Z'F(L"'VB)Z]]'/Z
T 4f 045 = Vg

3ft
{ r |
E = QMTC Spe = €pelpr =0.0006(3)(12) = 0.0216 in
) E  Rigid l?
3ft 5t 2 ft 8 8 .
P @ G4 =85 =(0.0216)=0.0576 i

3

| ey 6 =228 = 90578 6 6019 0/ in = 1200 win | in
F e B x LAB 4(12)
e | e
“‘BJFH_“ - (b)) 5,, + clearance = %505
3 5 8 8 .
! earance 845 = —Ope — Clearance = —(0.0216)—0.001 = 0.0566 /1
3 fi l 5 ft I | 3 3
Hh“““‘ﬁﬁh_ 4
| g, =2 = 00958 4 001179 0/ in = 1179 win /i
| L, 4(12)
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Analysis of Strain

e State of strain at a point
> Extension of the strain concept to biaxial loading
> Necessary to experimental methods of stress evaluation

dx’

- = L - _ds, ., _T g,
[ e ) ax ax Y Y

v dy —ady ds T ‘

T - =S y =20
1 L (&) gy O/y dy yyz 2 -

- dz —dz do, ‘
2 v &, = - Vox = 5~ gzx

' az az 2

o Normal and shear strain components associated with a line oriented in n-direction
and shear strain component associated with two orthogonal lines in n and t

directions :
g_dn—dn_d&,, , -7 g
! an an nT oot
e Change in length : dx' =1 +e,)ax 0, = g — 7y
‘ - 4
ay =+¢))ay 0,, =§_7yz
' ‘ T
dz =1 +e¢,)dz 0, = 5~ T
' ' T
an :(1+€n)0’/7 9/71‘ :E—ym "
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Analysis of Strain

e Strain transformation equations for plane strain (¢, =y, = y,, = 0)

« Strains of the sides of the rectangle are knownto ¢,,¢,,7,,

) I:> Strain in n direction,&, , is to be determined
e Normal strain (&,)
ot L (0B')? =(OC'Y +(C'B')? - 2(00')(0'5")(:08(% +7,)
s du. ° [(L+8,)anF = [+ e,)axF +[(L+s,)ay P
S o ,_. e_)‘C % —2[(Q+¢&,)ax][(1 + ¢,)ay][-siny,,]
’ @ [(1+¢&,)dn]? =@+ ¢,)%(dn)?(cos?0) + (L + ¢,)*(dn)*(sin? 6)
, +2(an)*(sin @)(cos )1 + £,)1 + ¢,)(sin y,,)

Using &® <<, siny =y, 7 ~0
1+2¢, =(1+2¢,)cos?0+(1+2¢,)sin”6 +2y,, sindcos

1+2¢, =(cos?0+sin®6)+2(¢,cos?0 +¢,sin’ 0 + y,, sindcos H)

=1E

2 ta2 H
. &,=¢&,C08"0+¢,siIN"0+y, sindcosd
(b) e, +e, ¢€,-¢ ,
g, =—"L+ 21— cos 20 + 72 sin 20
2 2 2
o, +0 o, — O .
(refer to o, =——2L+-—2—Ycos20+r,sin20)
2 2
[ ]
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Analysis of Strain

e shear strain (y,,)

ol y
A n
\ o __B_=x0,
e P -
¢r/)\\ Jrﬂ;, !
A\ e i 0
W |f i /
J'| i . i &
e R (3. %
o C

sin(A+8) =sinAcos B + cos AsinB

Advanced Materials & Smart Structures Lab.

OB’ . BC
sin£Z0C'B"  sin £B'OC'

B'C'sin£0C'B'=0B'sin £B'OC"

1+¢,)ay sin(%+ yXyJ =1 +¢&,)ansin[0+ (4, —yw)]

Using sin(% + ;/Xy] =cosy,, =1

sin[@ + (¢, —w)] =sin@dcos(g, —w)+cosdsin(g, —w)
~sind + (4, —w)cos @

1+¢,))ay =0+ e&,)dnlsin@+ (g, —y)cos O]
1+¢,))dnsing =@+ e¢,)anlsin 6+ (¢, —y)cos 6]
1+¢,)sind=Q0+¢,)[sind+(g, —y)cos 6]
~(1+¢,)sin0+0+¢,)(p, —w)cos ]
(¢, —¢,)sin@ = (g, —y)cos 0 +¢,(¢4, —y)cos 6

=~ (4, —w)cos @
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Analysis of Strain

e shear strain (7,,)

t y .
i o (e, —¢,)sind = (g, —w)cosd
\ B_ =0,
’ e — 2 .2 . . ~
o AT 7l (g, —¢g,c08°0—¢,8n"0 -y, sindcosd)sind = (4, —y)cos o
N[ o 8 { siné
2 1A 2 H ~
N\ ;’ 2 ff 6 (¢, -¢,c08°0—-¢,sin°0 -y, sindcos g)cose = (4, —y)
J'| // =E
e T [TV sin @ sin® @
0 C (g, -w)=e, —-¢&,c0860sinf —¢, — 7, 8N 0
cos @ cos @
sin @ . . .,
_ 2 i ; =~ 1- — —
£, =¢,00820 +¢,sin%6 +y,, sinfcos 6 £y COSH( sin® @) - ¢, cosdsind —y,, sin” 0
~ . . . 2
= ¢g,cos0sind —¢,cosfsing —y,, sin“ 0
~ . . 2
=~ —(¢, —¢,)cos@siné -y, sin“ 6
¢, =—(e, —¢,)sinfcos -y, sin*0+y
J ki
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Analysis of Strain

¢, =—(e, —¢,)sinfcos -y, sin*0+y

£ ¥ T
: - _ z
T o B804 D)
N | T KT
! = . T T . T
W\ 4 = f =—(e, —¢,)sin(@ + =)cos(@ + =) —y,, sin?(@ + =) +
\ f; > B (e, —&,)sin( 2) ( 2) Vs ( 2) v
\ o / .
il Lo = (e, —¢,)sinfcos @ -y, cos? 6 +y
o C x
. . Vot =90 — &
sin(g +5) = cos 0 =-2(¢, —¢,)sin@cos @ + y,,(cos? § - sin® 0)
COS(9+%) _ _sino =—(¢, —¢,)sin260 + y,, cos 26
(refer to 1, = —%sin 20 + z,, COs 26)

e Sign conventions
> Tensile strains are positive and compressive strains are negative
> Positive shear strains make the angle between two lines to decrease
> Positive angle measures counterclockwise from x-axis
> (X,y,2) and (n,t,z) coordinate systems are right-handed systems
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Analysis of Strain

(Example 3-4) Strain components at a point are g,=+800u, &,=-1000y, v,,=-600p.
Determine the strain components ¢, &, v, , if Xy- and nt-axes are oriented at

followings.
(Sol)
y £, =¢,C08%6,+¢,sin*0,+y,,sin6,cos b,
/I = (800)cos?(-30") + (-1000)sin*(-30°) + (-600) sin(-30°) cos(-30°)
» =610y
/N
i e
b “~ & =¢&,C08°0, +¢,sin*0, +y,, sinb, cos 6,
= j 4 x = (800) cos2(60°) + (—1000)sin?(60°) + (~600)sin(60°) cos(60°)
S~_/0=30°/
e / =-810 u
~/
\n v =-2(e,—¢,)sin6,cos b, +y,,(cos?0, —sin’0,)
= —2[800 - (-1000)]sin(-30°)cos(—30°) + (-600) [cos *(-30°) — sin*(-30")]
= 1259 4

A Line element in the n-direction has increased in length, a line element in the t-
direction has decreased in length, and the angle at the origin of nt-axes is less than 90°

Kit
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Analysis of Strain

e Principal strains and maximum shear strain

- Similarity between strain relation for plane strain and stress relation for plane stress
indicates that all equations can be applied by substituting for ¢, for o, , ¢, for o, , and

Y2 fOr 7y,

tan 260, = o
£, — &,

o, = &,
o, = ¢, £, 6y = Ex T &y + || &=

y 2 2
T, —

2 . _ g 2 . 2

o || x| | 2

-

Maximum in-plane shear strain is the difference between the in-plane strains, but this
may not be the maximum shear strain at the point

Advanced Materials & Smart Structures Lab.
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Analysis of Strain

e Principal strains and maximum shear strain

- Maximum shear strain at the point is determined by depending on the relative magnitudes
and the signs of the principal strains

[ ]
Advanced Materials & Smart Structures Lab. Kumoh National Institute of Technology

SLEUIIAHSEY €S U



Analysis of Strain

(Example 3-5) Strain components at a point are ¢, =+1200u, ¢, =-600y, v,=+900p.
Determine the principal strains and maximum shear strain at the point. Show
principal strain deformations and maximum shear strain distortion on a sketch.

(Sol) The in-plane principal strains are

2 2
6’X+8 &, — & Y«
Spl’ 5/32 = 2 a i\/{ > 'VJ +( ZYJ

(g, £,,)(10°) = 1200 + (—600) N \/(1200 - (—600)] . [ﬂ J
2 2 2

= 300 + 1006 .2
£, = (300 +1006.2)(10°) = 1306 u
= (300 - 1006.2)(10°) = -706.2 u

Epg =&, =0

€po

The principal directions are

Yo 900
. —¢&, 1200 —(-600)

20, =26.57° and 206.57°
0, =13.28° and 103.28°

tan 20, =

g

[ ]
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Analysis of Strain

The in-plane principal strains is found by substituting the values of

the principal strain directions into the strain transformation equation
€, =¢€,C08°0+¢,sin’ 6 +y,, sindcosd

= (1200 u)e, cos?(13.28) + (—600 x) sin®(13.28) + (900 ) sin(13.28) cos(13.28)

X =1306 i = ¢,,

The principal strains are perpendicular and there is no shear strain

n

g 1306 The maximum in-plane shear strain is given as

= 706y R 2
13.28 . , =2 [SX Eyj +(&j
@ 2 2
o 2 2 Ymax = Vp = 2010 p
i 70(106):2\/[1200 2( 600)] +(9go} |:>

V

¢ /F\\ / _6
\@ ¥, =2010(10°°) = 2010 u
7 +2010p The angle associated with maximum shear strain is found as
tan 20, = &~ &) _ ~ (1200 ~ (-600)) 0, = -31.7° and 58.3°
58.3° Y 900
Substituting the values of the principal strain directions of -31.7 or
58.3 into the strain transformation equation gives
¥ =—2(e, —¢,)sin@cos b +y,,(cos? 6 —sin? 9)
= -2[(1200) - (-600)]sin(58.3) cos(58.3) + y,,[cos ?(58.3) — sin*(58.3)]
=-2010u =y,
( ]
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Analysis of Strain

e Mohr circle for plane strain (¢, =y, =7, =0)

< y,=-(e,—¢,)sin20 +y,, cos26

+3 x T x XY o
2 ,,—g by S "% 0520 + L% sin20
2 2 2
EX + . .
= sn:gx © 4 55 00520 + L2 sin 26
2 2
4 y (e, —&,) . y
: no— X _Y73in260 + “X-cos 260
2 2
+e€
h

2 2 2 2
& — m + Lot — Ex — &y + 187
|:> ’ 2 2 2 2
€.7€ €€

2 2
i C(—gx 4 ,0} and R = (—gx _ gy) ¥ [&}
i 2 2 2

For a positive shear strain, the edge of the element parallel to the x-axis tends to rotate
counterclockwise and the edge parallel to the y-axis tends to rotate clockwise.
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Analysis of Strain

(Example 3-5) Strain components at a point are ¢,=+1200y, &, =-600y, y,,=+900p.
Determine the principal strains and maximum shear strain at the point.

(Sol)

/ £
/.;"’ s go g{@g E
:\: i
\V
45° :;%a«% . 13060
5 706U
13.28 X

Advanced Materials & Smart Structures Lab.
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Analysis of Strain

e Strain measurement and rosette analysis

v In experimental work involving strain measurement, the strains are measured on a
free surface of a member where a state of stress exist.

£, =¢,C08°0+¢,sin*0+y,, sindcoso

n

b . .
e, =¢,C08°0,+¢,sin’ 6, +7,,sin6,cos b,

£, = £,C08°0, +¢&,sin”0, +7,,sin6, cos b,

e, =¢,C08°0, +¢,sin* 6, +y,,sin6,cos b,

v If the measured values of the strains (g, , &, , &, ) and the orientations (6, , 6, , 6, ), the
values of the strains (g, , €, , 14,) can be determined from the three equations

v Once the g, , g, , v,, have been determined, the in-plane principal strains (g, , &,,), their
orientations (6,), and the maximum in-plane strains (t,) at the point can be obtained

(]
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Analysis of Strain

e Strain gages and rosettes

AN

Strain gages provide accurate measurements of the strain

AN

As the material is strained, the wires are lengthened or shortened; this changes the
electrical resistance of the gage

AN

Strain gages are sensitive only to normal strains and respond to shear strains

AN

Shear strains are often obtained by measuring normal strains in two or three
different directions

Since the plane stress offers no restraint to out-of-
plane deformation, &, develops in addition to in-
plane strains (g, , €, , Vx,)

: v
E, =Ep3 =~ (8X + 8y)
P 1-v

where v is Poisson's ratio)

m This out-of-plane principal strain is important
AL T because the maximum shear :_:,train may be (§p1' €p2)>
Q. (&p1- 8_p3), or (&p3- spz),_dependlng on the relatl\_/e
: \ magnitudes and the signs of the principal strains at
Al the point
J ki
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Analysis of Strain

- Maximum shear strain for plane strain

(gpl - gpz) (gpl - O) (O - gpz)
£ 3 o1 & &y & Ef 5
) (0) (0)
- Maximum shear strain for plane stress E, = &Ep3 = — 1 (e, + 8y)
(gpl - gpz) (gpl - gp3) (gp3 gpz)

Advanced Materials & Smart Structures Lab.
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Analysis of Strain

(Example 3-7) The following strains are measured as ¢,=+1000y, g, =750y, g.=-650.
Determine the principal strains and maximum shear strain. Show the directions of
the in-plane principal strains on a sketch. Assume that Poisson’s ration is 1/3.

(Sob) &, =&, =+1000 u = ¢, cos?(0) + &, sin*(0) + »,, sin(0) cos(0)

£, = &g = —650 1 = &, cos?(60) + ¢, sin(60) + ,, sin(60)cos(60)
£, = &9 = 750 p = ¢, c0s%(120) + ¢, sin*(120) + y,, sin(120) cos(120)

= ¢, =+1000 4 ¢, =-266.7 u, y, =-1616.7 u

2 2
&, +¢& g, —& y
X 6.8, = — > = i\/( A > yj +(%j

_ 1000 +(-266.7) | \/(1000 - (—266.7)}2 N (—1616 .6}2

(501, Epn XlOG) =

2 2 2
&, =1394 u
£,, = —660 1

% 1/3
£, =&y = — (e, +¢&,)=— (1000 x4 — 266.7 u) = —367
p3 1 _v X % 1 _ (1/3) H H H
J ki
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Analysis of Strain

(gpl - 8p2)
&, =1394 u
b= 6604 ) : :
€,5 = —367 u \ Pt

Vinax = 7p = €p1 — Ep2 213936/,1—6602/122050[1

y
— . 660
tan20, = w - 16166 4 506 i
e —¢, 1000 - (-266.7)
20, = -51.92° 0, = -26.0°
J ki
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(Homework)

(3-12), (3-20), (3-33), (3-53), (3-64)
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