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V� 2 *�× �¿Áþ�ÊÁ

2.1 �¿Áþ�ÊÁÿ? â��¤n>

Ça��+ 1. y = f(x) î̈
ç�H����oÖ�¦(average rate of change)

∆y

∆x
=

f(x + h)− f(x)
(x + h)− x

=
f(x + h)− f(x)

h

Ça��+ 2. x = a\�"f_�í�Hçß�����oÖ�¦ ( instantaneous rate of change )<�Ê�Ér x = a

\�"f_� p�ì�r >�Ãº (differential coefficient)

f ′(a) = lim
∆x→0

f(a + ∆x)− f(a)
∆x

= lim
h→0

f(a + h)− f(a)
h

Ça��+ 3.

f ′(x) = lim
h→0

f(x + h)− f(x)
h

= y′ =
dy

dx
=

d

dx
f(x) = Df(x)

s� �>rF�
���� s�\�¦ �<ÊÃº f_� �̧�<ÊÃº(derivative)�� ô�Ç��. s� �̧�<ÊÃº\�¦ ½̈
���H õ�

&ñ
�̀¦ �<ÊÃº f\�¦ p�ì�rô�Ç��(differentiate)�¦ ô�Ç��.

UdV� 4. �<ÊÃº f(x) = x2_� x = 1\�"f_� í�Hçß�����oÖ�¦�̀¦ ½̈
�r��̧.

I±Õ

lim
h→0

f(1 + h)− f(1)
h

= lim
h→0

(1 + h)2 − 1
h

= lim
h→0

2h + h2

h
= lim

h→0
(2 + h) = 2.

UdV� 5. f(x) = |x|, x = 0.

lim
h→0+

f(0 + h)− f(0)
h

= lim
h→0+

|h|
h

= 1

lim
h→0−

f(0 + h)− f(0)
h

= lim
h→0−

|h|
h

= −1

Õª�QÙ¼�Ð �<ÊÃº f(x)��H x = 0\�"f p�ì�rÔ�¦��0pxs���.

Ça�h� 6. �<ÊÃº f(x)�� &h� x0\�¦ �í�<Ê
���H >h½̈çß� 0A\�"f &ñ
_�÷&#Q e�����¦ 
���.

ëß���� f ′(x0) �� �>rF�
����, f ��H &h� x = x0 \�"f ���5Åqs���.



UdV� 7. �<ÊÃº f(x) =
√

x_� �̧�<ÊÃº\�¦ ½̈
���.

f ′(x) = lim
h→0

f(x + h)− f(x)
h

= lim
h→0

√
x + h−√x

h

= lim
h→0

(√
x + h−√x

h

)(√
x + h +

√
x√

x + h +
√

x

)

= lim
h→0

(x + h)− x

h(
√

x + h +
√

x)

= lim
h→0

h

h(
√

x + h +
√

x)

= lim
h→0

1
(
√

x + h +
√

x)

=
1

2
√

x

Ça�h� 8. x = x0 \�"f_� ]X����(tangent line), ZO����(normal line) _� ~½Ó&ñ
d��

]X����_� ~½Ó&ñ
d�� :

y − f(x0) = f ′(x0)(x− x0)

ZO����_� ~½Ó&ñ
d�� :

y − f(x0) = − (x− x0)
f ′(x0)

2.2 i�&P�ß��Uc ®̧�ø5� Ça�h�

Ça�h� 9. f(x) = c

f ′(x) = lim
h→0

f(x + h)− f(x)
h

= lim
h→0

c− c

h
= 0

Ça�h� 10. �<ÊÃº f(x) ü< g(x)�� p�ì�r��0px
���� ��6£§s� $í
wn�ô�Ç��.

(1)

(f ± g)′(x) = f ′(x) + g′(x)

(2)

(fg)′(x) = f ′(x)g(x) + f(x)g′(x)

(3)

(f/g)′(x) =
f ′(x)g(x)− f(x)g′(x)

g(x)2



Ça�h� 11. n ∈ N s����

dxn

dx
= nxn−1

s���.

Ça��+ 12.
dny

dxn

UdV� 13. ��6£§ �<ÊÃº\�¦ p�ì�r
���.

1. f(x) = (1 + 3x2)(2x2 − 6x + 7).

2. f(t) = 1−t4

t−t2 .

Ça�h� 14. ¿º�<ÊÃº f , g�� n ��� p�ì�r��0px
����, �<ÊÃº f + g, fg �̧ n��� p�ì�r��0px


��¦, ��6£§s� $í
wn�ô�Ç��.

(1) (f + g)(n)(x) = f (n)(x) + g(n)(x)

(2) (Leibniz ZO�gË: )

(fg)(n)(x) =
n∑

k=0

(
n

k

)
f (n−k)(x)g(k)(x)

( éß�, f (0)(x) = f(x), g(0)(x) = g(x) )

Ça�h� 15. ����WZO�gË: (Chain Rule) ¿º�<ÊÃº y = g(u) ü< u = f(x) �� p�ì�r ��0px


���� ½+Ë$í
�<ÊÃº g ◦ f �̧ p�ì�r��0px
��¦, Õª_� �̧�<ÊÃº (g ◦ f)′ �Ér ��6£§õ� °ú ��.

(g ◦ f)′(x) = g′(f(x))f ′(x),

7£¤,
dy

dx
=

dy

du

du

dx

�� $í
wn�ô�Ç��.

UdV� 16. ��6£§ �<ÊÃº\�¦ p�ì�r
���.

1. f(x) = (x2 + 1)3.

2. f(t) = sin (t2 + 1).



2.3 ºÇÔḈÐÁþ�ÊÁÿ? Ü« �¿Áþ�ÊÁ

Ça��+ 17.

sin θ =
y

r
, cos θ =

x

r

tan θ =
sin θ

cos θ
, cot θ =

cos θ

sin θ
, sec θ =

1
cos θ

, csc θ =
1

sin θ

cos θ = sin (θ +
π

2
), sin θ = cos (θ − π

2
)

sin x± sin y = 2 sin
(x± y)

2
cos

(x∓ y)
2

Ça�h� 18. (���y���<ÊÃº_� �̧�<ÊÃº)

(1) (sin x)′ = cos x (2) (cos x)′ = − sin x

(3) (tan x)′ = sec2 x (4) (cot x)′ = − csc2 x

(5) (sec x)′ = sec x tan x (6) (csc x)′ = − csc x cot x

UdV� 19. y = x3 sin x

UdV� 20. y = 2−cos x
2+cos x

2.4 £�̧Áþ�ÊÁ�+ i�&P�ß��

Ça��+ 21. 6£§�<ÊÃº (implicit function) : f(x,y) = 0

6£§�<ÊÃº_� p�ì�rZO� (implicit differentiation)

UdV� 22.

x2 + y2 = 1 ⇐⇒ y =
√

1− x2 and y = −
√

1− x2

2x + 2yy′ = 0

y′ = −x/y, y 6= 0

(0, 1)\�"f y′ = 0

(
√

2/2,
√

2/2) \�"f��H y′ = −1

UdV� 23. x2 + y2 = 9, y′, y′′?



¤� ÃZ�

2x + 2yy′ = 0

7£¤

y′ = −x

y
.

s��¦

2 + 2y′y′ + 2yy′′ = 0

7£¤

y′′ =
−y2 − x2

y3

s���.

2.5 Áþ�ÊÁ�+ FD9��G±êø� i�&P�

( ���+þA��H��d��, Linear approximation )

f(x) = f(x0 + ∆x) ≈ f(x0) + f ′(x0)∆x = f(x0) + f ′(x0)(x− x0) = L(x)

UdV� 24. ���+þA��H��d���̀¦ s�6 x
�#�
√

36 + ∆x _� ��H��°ú̀�כ¦ ½̈
�#���.

I±Õ f(x) =
√

x, x = 36 + ∆x s��¦ x0 = 36 s�Ù¼�Ð

L(x) = f(36 + ∆x) ≈ f(36) + f ′(36)∆x =
√

36 +
1

2
√

36
∆x = 6 +

∆x

12

s���. ¨
\V\�¦ [þt#Q

√
37 _� ��H��°úכ�Ér ∆x = 1s�Ù¼�Ð

L(37) = 6 +
1
12
≈ 6.083333

s�M:, ]X�@/�̧	���H

�̧	� = |�ÃÐ°úכ−��H��°úכ| = |f(37)− L(37)| ≈ |6.082762− 6.083333| = .000571.

f(x0 + ∆x)− f(x0) ≈ f ′(x0)∆x

s�Ù¼�Ð

∆y = f(x0 + ∆x)− f(x0) ≈ f ′(x0)∆x,

¢̧��H

∆y ≈ f ′(x0)∆x.

�̀¦ %3���H��.



Ça��+ 25. �<ÊÃº y = f(x)�� p�ì�r��0px½+ÉM:

f ′(x0)∆x

\�¦ y_� p�ì�rs��� 
��¦ dy �� �����·p��.

UdV� 26.
√

402 _� ��H��°ú̀�כ¦ ½̈
���.

I±Õ (p�ì�r�̀¦ s�6 x)

f(x) =
√

x s��¦ dx = ∆x = 2 s�Ù¼�Ð

f(x) ≈ f(x0) + dy

\�"f
√

402 ≈
√

400 + dy = 20 +
1

2
√

400
· 2 = 20 +

1
20

= 20.05

-

6

dx = ∆x

∆y

dy

(¾»�:r ~½ÓZO��̀¦ s�6 x)

f(x) = x2−402�ÐZ�~�¦ f(x) = 0_���H�̀¦ ½̈
���� x = ±√402s���.&h�{©�ô�Ç a1�Ð

22 &ñ
�̧\�¦ ú̧��� ¾»�:r ~½ÓZO�\� @/{9�
���� ½̈½+ÉÃº e����.

2.6 £o>�ª	�·

Óüt�̂_� 0Au�

x(t)

5Åq�̧ = r�çß�\� @/ô�Ç Óüt�̂0Au�_� ����oÖ�¦ :

v(t) =
dx

dt



��5Åq�̧ = r�çß�\� @/ô�Ç 5Åq�̧_� ����oÖ�¦ :

a(t) =
dv

dt
=

d2x

dt2

|v(t)| : 5Åq§4�

UdV� 27. v��� 1.65m ��� ��|ÃÐs� t��©� 3m Z�}s�_� ���Ð1px ���Ð ��A��ÐÂÒ'� {9�

f�����Ü¼�Ð B�ì�r 90m _� 5Åq�̧�Ð ���#Q°ú�M:, ��6£§ Óüt6£§\� ²ú�
���.

(1) s� ��|ÃÐ_� ÕªaË>�� =åQ_� 5Åq�̧\�¦ ½̈
���.

(2) ÕªaË>�� U�́s�_� ����oÖ�¦�̀¦ ½̈
���.

I±Õ ] (1) y\�¦ ÕªaË>��=åQ_� 0Au��<ÊÃº�� 
��¦ x\�¦ ��|ÃÐ_� 0Au��<ÊÃº�� 
����

3 : y = 1.65 : y − x

y =
3

1.35
x

dy/dt =
3

1.35
dx/dt

dx/dt = 90m/min

dy/dt =
3

1.35
90 = 200m/min

(2) ÕªaË>�� U�́s�_� ����oÖ�¦�̀¦ l s��� Z�~Ü¼���

l = y − x

dl/dt = dy/dt− dx/dt

dl/dt = 200− 90 = 110m/min.

U�́s� = l(t)

V,�s� = S(t)

ÂÒx� = V (t)

U�́s�_� ����oÖ�¦

d

dt
l(t)

V,�s�_� ����oÖ�¦

d

dt
S(t)

ÂÒx�_� ����oÖ�¦

d

dt
V (t)



UdV� 28. ïß�ïß�ô�Ç  ñÃº\� [�t�̀¦ ~��t���� 1lxd��"é¶_� ��ë�Hs� �����. ���©� ��¾ú Aá¤ ��

ë�H_� ìøÍt�2£§_� U�́s��� B��í 2m _� q�Ö�¦�Ð &�|9�M: 5�íÊê_� ��ë�H_� V,�s�_� ����o

Ö�¦�̀¦ ½̈
���.

I±Õ

S(t) = πr2

d

dt
S(r) = 2πr

dr

dt

d

dt
S(10) = 2πr 2 m/sec = 4π10m m/sec = 40πm2/sec

UdV� 29. r�çß�\� ���Ér ���
�|¾Ó_� ����oÖ�¦�̀¦ ���ÀÓ_� [jl����¦ ô�Ç��. #QÖ¼ ������

\� t �í 1lxîß� 1
4 t4 + 1

3 t3 + t (ÙütÒ�æ)_� ���
��� âì�Ér���¦ ½+ÉM:, 4�í Êê_� s�������\�

âìØÔ��H ���ÀÓ_� [jl�\�¦ ½̈
���(éß� ,���ÀÓ_�[jl�_� éß�0A��H ÙütÒ�æ/�í, 7£¤ ����̀#Qs�

��.)

I±Õ

f(x) =
1
4
t4 +

1
3
t3 + t

f ′(x) = t3 + t2 + 1

f ′(4) = 81 ����̀#Q


