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V� 0 *�× ÊÁ���TÒ¼ø� Áþ�ÊÁ

0.1 ÊÁ���TÒ¼

N : �����Ãº_� |9�½+Ë

Z : &ñ
Ãº_� |9�½+Ë

Q : Ä»o�Ãº_� |9�½+Ë

R : z�́Ãº_� |9�½+Ë

C : 4�¤�èÃº_� |9�½+Ë

N ⊂ Z ⊂ Q ⊂ R ⊂ C

0.2 ��
ÊÁ�+ Å]���


-z�́Ãº_� $í
|9�

1. field - ��gË:���íß�

2. order ½̈�̧ - í�H"f ½̈�̧

3. completeness - ¢-aq�$í


Ça��+ 1. A ⊂ Rs��¦, /BN|9�½+Ës� ��m���.

�̧��H x ∈ A \� @/
�#� x ≤ u [x ≥ u] ��� z�́Ãº u �� �>rF� ½+ÉM:

|9�½+Ë A ��H 0A�Ð Ä»>�(bounded above)[ ��A��Ð Ä»>�(bounded below)]�� 
��¦

u\�¦ A_� �©�>�(upper bound)[ 
�>�(lower bound)] �� ô�Ç��.

A is bounded above and below ⇔ A is bounded.

supA : A_� �©�>�[þt×�æ ���©� ����Ér �©�>� = �©�ô�Ç = least upper bound

infA : A_� 
�>�[þt×�æ ���©� 	�H 
�>� = 
�ô�Ç = greatest lower bound ¨

UdV� 2. A = {1, 1
2 , 1

3 , 1
4 , ·}{9�M: 1�Ð�� ß¼���� °ú �Ér z�́Ãº��H #QÖ¼ ����s	כ A _�

�©�>��� ÷& 9, 0 �Ð�� ������� °ú �Ér z�́Ãº��H A_� 
�>��� �)a��. �©�ô�Çõ� 
�ô�Ç�Ér Áº

%Á	�����?

UdV� 3. |9�½+Ë A = {x|2 ≤ x < 3} ��H Ä»>�s� 9 2��H A_� 
�ô�Çs��¦ 3�Ér A_� �©�

ô�Çs���. s�M: 2 ∈ A s�t�ëß� 3 /∈ A s���. ¨

Ça�h� 4. (¢-aq�$í
_� /BNo�)

/BN|9�½+Ës� ����� z�́Ãº R_� ÂÒì�r|9�½+Ë A�� 0A�Ð[��A��Ð] Ä»>�s���� �©�ô�Ç[
�ô�Ç]�̀¦ °ú�

��H��.



UdV� 5. |9�½+Ë A = {x ∈ Q|x2 < 2}��H 0A�Ð Ä»>�s��¦ √
2��H A_� R\�"f_� �©�

ô�Çs���. Õª�Q��
√

2 /∈ Q s�Ù¼�Ð Ä»o�Ãº_� |9�½+Ë Q��H ¢-aq�$í
_� /BNo�\�¦ ëß�7á¤
�t�

·ú§��H��.

UdV� 6. (��ØÔv�BjX<Û¼_� $í
|9�)

a ∈ Rs���� a < n��� �����Ãº ns� �>rF� �<Ê�̀¦ �Ð#���.

¤� ÃZ� a < n��� �����Ãº n s� �>rF�
�t� ·ú§��H ���¦ ��&ñ

���

=⇒ �̧��H n ∈ N \� @/
�#� n ≤ a.

=⇒ a ��H N _� �©�>�s���.

=⇒ ¢-aq�$í
 /BNo�\� _�K� �©�ô�Ç α ∈ R �� �>rF�.

=⇒ α− 1 < α s�Ù¼�Ð α− 1��H N _� �©�>��� ��m���.

=⇒ α− 1 < m ��� m s� N \� �>rF�ô�Ç��.

=⇒ α < m + 1 s��¦ m + 1 ∈ N s���.

=⇒ α �� N_� �©�ô�Çs�����H ��&ñ
\� �̧í�H .

Ça��+ 7. Ãº�<Æ&h� )
±ú�ZO�

(1) p(1) s� �ÃÐe���̀¦ µ1ß�2³��.

(2) e��_�_� �����Ãº k \� @/
�#� p(k) �� $í
wn��<Ê�̀¦ ��&ñ

����, p(k + 1)�̧ $í
wn�ô�Ç

����H �¦̀�	כ �Ð�����.

UdV� 8.

1 + 2 + · · ·+ n =
n(n + 1)

2

�̀¦ 7£x"î
.

¤� ÃZ� When n = 1, 1=1

1 + 2 + · · ·+ k = k(k+1)
2 s� $í
wn�ô�Ç���¦ ��&ñ

���.

1 + 2 + · · ·+ k + (k + 1) =
k(k + 1)

2
+ (k + 1)

=
k(k + 1)

2
+

2(k + 1)
2

=
(k + 1)(k + 2)

2
.

Ça��+ 9. ½̈çß�

>h½̈çß�(open interval) :

(a, b) = {x ∈ R|a < x < b}



(−∞, b) = {x ∈ R|x < b}
(a,∞) = {x ∈ R|a < x}

�̀½̈çß�(closed interval) :

[a, b] = {x ∈ R|a ≤ x ≤ b}
(−∞, b] = {x ∈ R|x ≤ b}
[a,∞) = {x ∈ R|a ≤ x}

ìøÍ>h½̈çß�(half open interval) :

(a, b] = {x ∈ R|a < x ≤ b}
[a, b) = {x ∈ R|a ≤ x < b}
R = (−∞,∞)

Ça��+ 10. ]X�@/°úכ = absolute value

|a| =





a, a ≥ 0

−a, a < 0

|a| =
√

a2

Ça��+ 11. |a− b| : a ü< b ��s�_� ��o�.

UdV� 12. ���y�� ÂÒ1pxd�� |a + b| ≤ |a|+ |b|�� $í
wn��<Ê�̀¦ �Ð#���.

¤� ÃZ�

a + b ≤ |a|+ |b|

s��¦

−(a + b) ≤ |a|+ |b|

�� ÷&Ù¼�Ð 7£x"î
 =åQ.

0.3 Áþ�ÊÁ

Ça��+ 13. X, Y : |9�½+Ë[þt

f : X −→ Y : �<ÊÃº

½©gË: : X _� y�� "é¶�è x \� �̧f�� 
���_� Y _� "é¶�è y\�¦ @/6£xr������

X : f _� &ñ
_� ½̈%i�, domain, set of inputs



Y : f _� /BN���%i�, codomain, set of outputs

f(X) = {y|f(x) = y, for all x ∈ X} : u�%i�, range

{(x, f(x))|x ∈ X} : f_� ÕªA�áÔ

UdV� 14.

f(x) =
√

x

]jô�Ç �̧|	� : x cannot be less than zero.

&ñ
_�%i� = D = {x|x ≥ 0}

UdV� 15.

f(x) =
1
x

]jô�Ç �̧|	� : x cannot be zero

D = {x|x 6= zero}

UdV� 16.

f(x) = log x

]jô�Ç �̧|	� : x should be greater than zero

D = {x|x > 0}

UdV� 17.

f(x) =
1√

x2 − 1

]jô�Ç �̧|	� :
√

x2 − 1 cannot be zero and x2 − 1 cannot be less than zero

⇐⇒ x2 − 1 greater than zero

D = {x|x < −1 or x > 1}

Ça�h� 18. c: �©�Ãº {9�M:

• (cf)(x) = cf(x)

• (f ± g)(x) = f(x)± g(x)



• (fg)(x) = f(x)g(x)

• ( f
g )(x) = f(x)

g(x) , (g(x) 6= 0)

UdV� 19.

f(x) =
1
x

+
1√

x2 − 1

{x|x 6= zero} and {x|x < −1 or x > 1}
D = {x|x < −1 or x > 1}

Ça��+ 20. Composition function, ½+Ë$í
½+ËÃº

f, g : �<ÊÃº[þt

(g ◦ f)(x) = g(f(x))

UdV� 21. �<Ê$í
�<ÊÃº_� &ñ
_�½̈%i�

f(x) = x2, g(x) =
√

x

(g ◦ f)(x) = g(f(x)) = g(x2) =
√

x2 = |x|, D = R

H = (f ◦ g)(x) = f(g(x)) = f(
√

x) = (
√

x)2 = x, D = {x|x ≥ 0}

ÅÒ_� : �<ÊÃº��H �½Ó�©� ½©gË:(rule)õ� &ñ
_�½̈%i�s� ÅÒ#Q4R�� ô�Ç��.

f(x) = x ü< 0A \V_� H = x, x ≥ 0 ��H ���Ér �<ÊÃº.

UdV� 22.

f(x) =
x2 − 1
x− 1

= x + 1, x 6= 1.

f(x) = x + 1.

¿º �<ÊÃº��H ���Ér �<ÊÃº !!!!

Ça��+ 23. (%i��<ÊÃº, inverse function ) ¿º �<ÊÃº f : A −→ Bü< g : D −→ E��

��6£§ �̧|	��̀¦ ëß�7á¤ ½+ÉM: "f�Ð ���Ér �<ÊÃº_� %i��<ÊÃº�� ÂÒ�Ér��.

1. A = E s��¦ B = D.



2. �̧��H x ∈ D \� @/
�#� (f ◦ g)(x) = x s��¦, �̧��H x ∈ A \� @/
�#�

(g ◦ f)(x) = xs���.

Ça��+ 24. y = f(x) {9�M: x \�¦ f \� _�ô�Ç y_� "é¶�©�(preimage)s���ô�Ç��.

f−1(B) = {x ∈ X|f(x) ∈ B} : set of preimages of B.

f(X) = Y s���� f \�¦ ������<ÊÃº(surjection, onto function).

f(x1) = f(x2) =⇒ x1 = x2 s���� f \�¦ éß����<ÊÃº (injection, one-to-one function)

f �� ����� s��¦ éß���s���� f \�¦ ���éß���(bijection, one-to-one and ontofunction)

�<ÊÃº�� ô�Ç��.

f : X −→ Y �� ���éß����<ÊÃºs���� f−1: %i��<ÊÃº(inverse function) �� �>rF�.

Ça�h� 25. �<ÊÃº f : X −→ Y ü< g : Y −→ Z \� @/
�#� ��6£§s� $í
wn�ô�Ç��.

(1) f ü< g �� éß���s����, g ◦ f �̧ éß���s���.

(2) f ü< g �� �����s����, g ◦ f �̧ �����s���.

(3) g ◦ f �� éß���s����, f ��H éß���s���.

(4) g ◦ f �� �����s����, g �̧ �����s���.

¤� ÃZ�

(3) f(x1) = f(x2) =⇒ g(f(x1)) = g(f(x2)) =⇒ x1 = x2.

(4) Y ⊇ f(X) s�Ù¼�Ð g(Y ) ⊇ g(f(X)) = Z s��¦ g(Y ) ⊆ Z s�Ù¼�Ð g(Y ) = Z.

Ça��+ 26. f : R −→ R �̧��H z�́Ãº x \� @/
�#�

f(x) = f(−x) s���� �<ÊÃº f \�¦ Äº�<ÊÃº(even function)�� 
��¦ < y »¡¤ @/g�A >

f(x) = −f(−x) s���� l��<ÊÃº(odd function)�� < "é¶&h� @/g�A > ô�Ç��.

Ça��+ 27. ��6£§õ� °ú �Ér +þAI�_� �<ÊÃº\�¦ n	�_� ���½Ód��(polynomial)s��� ô�Ç��.

f(x) = anxn + an−1x
n−1 + · · ·+ a1x + a0

#�l�"f a0, a1, · · · , an(���½Ód��_� >�Ãº)�Ér z�́Ãºs��¦, an 6= 0, n ≥ 0(n�Ér &ñ
Ãº))

s���. n�̀¦ ���½Ód��_� 	�Ãº���¦ ô�Ç��.

Ça��+ 28. ��6£§õ� °ú �Ér +þAI�_� �<ÊÃº\�¦ "4��<ÊÃº(power function)s��� ô�Ç��.

f(x) = xa

a = n, a = 1/n (n�Ér 0s� ����� �����Ãº), ¢̧��H a = −1��� �â
Äº�� e����.

Ça��+ 29. p(x), q(x)�� ���½Ód��{9� M:,

f(x) =
p(x)
q(x)

, q(x) 6= 0



\�¦ Ä»o��<ÊÃº(rational functions)���¦ ô�Ç��.

Ça��+ 30. #��Q>h_� ���½Ód��[þt�̀¦ ��gË:���íß�õ� ]jY�L��H�̀¦ ��6 x
�#� Dh\�v>� ëß���H

�<ÊÃº\�¦ @/Ãº �<ÊÃº(algebraic function)�� ô�Ç��.

Ça��+ 31. ���y���<ÊÃº, %i����y���<ÊÃº,

Ça��+ 32. �ÐÕª �<ÊÃº

Ça��+ 33. @/Ãº �<ÊÃº�� ����� �̧��H �<ÊÃº\�¦ �í�Z4�<ÊÃº(transcendental function)s�

�� ô�Ç��. ���y�� �<ÊÃº, %i����y�� �<ÊÃº, t�Ãº �<ÊÃº, �ÐÕª�<ÊÃº, 1pxs� #�l�\� 5Åqô�Ç��.

8�©�\�"f s��Qô�Ç �<ÊÃº[þt�Ér Áºô�Ç/åLÃº�Ð ����è­q Ãº e��6£§�̀¦ C�Ö�¦ �.���s	כ


