3-2. Symmetry in Crystal
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o Symmetry is the preservation of form and
configuration across an point, a line, or a plane.

o In informal terms, symmetry is the ability to take a shape
and match it exactly to another shape.

o The techniques that are used to "take a shape and match
it exactly to another" are called transformations and
include translations, rotations,
mirror(reflections), and inversion symmetry.




Translations and Translational

Symmetry
o The most simple type of symmetry is translational
symmetry which results from the transformation called
translation.

o Translation is just a fancy term for "move." When a
shape is moved, two specifications are needed: a
direction and magnitude. Direction can be measured
in degrees (e.g., 30 degrees north of east), while
magnitude can be measured in inches (e.g., 2 inches) or
some other unit of length.
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A simple translation of a point {red) to form another point
(blue). Two specifications are needed: direction and

magnitude




o For 1-dimension, lattice vector can be expressed by

¥ =ua
where u is integer and g the fundamental lattice
translation vector.
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* For 2-dimension, lattice vector

can be expressed by
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F=ua+uvb 3
where u and v are integers and a, b
the fundamental lattice translation
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» For 3-dimension, lattice vector can be expressed by
F=ud+vb+we
where u, v and w is integers and &, b, ¢ the fundamental
lattice translation vector.
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The volume of unit cell, parallelepiped, is given by
Q=a-[bx¢]
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This tessellation has translational
symmetry; after moving a copy in a certain
direction and with a certain magnitude, you

find that the copy matches exactly the

original

Real examples of translational symmetry:
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o The rotational symmetry is a symmetry factor that after
the system rotates for a point or an axis, the system is on
the same situation.

o The available rotation angles are 360° , 180" , 120" ,
90" ,60 .




n-fold rotational symmetry

Rotational symmetry of order n, also called n-fold rotational
symmetry, or discrete rotational symmetry of the nth order,
with respect to a particular point (in 2D) or axis (in 3D) means that
rotation by an angle of 360" /n (180" ,120° ,90" ,72° ,60 ,51
3/7° , etc.) does not change the object.

The notation for n-fold symmetry is C,, or simply "n". The actual
symmetry group is specified by the point or axis of symmetry,
together with the n.

The fundamental domain is a sector of 360" /n.
Examples without additional reflection symmetry:

n=2,180 :thedyad, quadrilaterals with this symmetry are the
parallelograms; other examples: letters Z, N, S; apart from the colors:
yin and yang

n=3,120 :triad, triskelion, Borromean rings; sometimes the term
trilateral symmetry is used,

n=4,90 :tetrad, swastika
n=6,60 :hexad, raelian symbol, new version



http://en.wikipedia.org/wiki/Crystal_system
http://en.wikipedia.org/wiki/Symmetry_group
http://en.wikipedia.org/wiki/Fundamental_domain
http://en.wikipedia.org/wiki/Reflection_symmetry
http://en.wikipedia.org/wiki/Dyad
http://en.wikipedia.org/wiki/Quadrilateral
http://en.wikipedia.org/wiki/Parallelogram
http://en.wikipedia.org/wiki/Yin_and_yang
http://en.wikipedia.org/wiki/Triad
http://en.wikipedia.org/wiki/Triskelion
http://en.wikipedia.org/wiki/Borromean_rings
http://en.wikipedia.org/wiki/Tetrad
http://en.wikipedia.org/wiki/Swastika
http://en.wikipedia.org/wiki/Raelism

- Examples of 2-fold rotational symmetry
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» Examples of 3-fold rotational symmetry
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- Examples of 4-fold rotational symmetry

» Examples of 6-fold rotational symmetry
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Mirror Symmetry(73 5 tH#)

o Reflectional symmetry, line symmetry, mirror
symmetry, mirror-image symmetry, or bilateral
symmetry is symmetry with respect to reflection. That is, a
figure which does not change upon undergoing a reflection has
reflectional symmetry.

o Bilateral symmetry is the symmetry everybody is aware of,
and to many people this is symmetry itself. Bilateral symmetry
occurs when two halves of a whole are each other's mirror
images. Accordingly, bilateral symmetry is also called mirror
symmetry.

« Examples of mirror symmetry
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http://en.wikipedia.org/wiki/Symmetry_(biology)
http://en.wikipedia.org/wiki/Symmetry_(biology)
http://en.wikipedia.org/wiki/Symmetry_(biology)
http://en.wikipedia.org/wiki/Symmetry
http://en.wikipedia.org/wiki/Reflection_(mathematics)

3-2-1 Symmetry factors in crystal

o All the crystals should simultaneously satisfy the
translation, rotation and mirror symmetries.

o Therefore, there can be several fold symmetry including
0 2N, e o)

o Let’s discuss about this property using Fig. 3-10.

—%- ® B L
P

A Ar A" AHI

18 3-10 2X&E AXNUAL 2 & HE.




-3 oA 57HA dAFo] oA Loty s, 2™ 3-109] U= 2 2
2o AAs Azsted o7le] A o] e WE AHRA AN AAFHL 4
LAY, A4, B BAL A4 W E AY &L VR AR ¥ 9HE g8 sha)
23, o] AztellA Z+ ARl HAo| FAEA n-F hFo] Aok 3tk 2w
A" goA AARH A—°— W% a= LAA'B = 360°nE 3 AF H B £ AR

SRS

o] Hojok @t 4" WE AHOZE 4ol nF W hAHo] o] TUA
A 4% A7 a2 HAT A B EF AAHo| Holof @k 1A H B, B
A4l BT A 9 AE AAgel Ak Aol A (-E Bl

BB' = ua (3-5)
ok 3t A7)A uE HFolt
H 3-10 S 2 FE BB'L (a-2acosa)o|EZ

a-2acosa = ua (3-6)
1-u
cosq =—— (3-7)
i 2
.u7t Aol |cosal<10|BE
K 1-u
-] £ cosa=——2— <1 (3-8)

71 7Hs @ wS B%e -1, 0, 1, 2,30 "} o] yol W] Az TR
10] 5o ZAAA 7t53 A EH"O‘% @43, 2-F,3-F,4-F, 65 A2 5717
e ST 5 ok




E 3-1 CHA2HX 3™ i@ e sk Aol 8.

u = 0 1 2 3
COS A 1 1/2 0 -1/2 -1
a 0° 60° 90° 1207 180°

Hu

2 2ol A A 84F FUlelA ¥ukx SR = T2 43 FAAEFL
9 Az2 P YA & (parallelogram EE oblique) 2 At} ot HPAPAF A o] £
dle ¥ W9 Hole g bE TER Alo]lZ} y= 499 Zolg. FPAINY Aab:=
E 31004 a7t -1 BEx 3, § a =0 £E 180°¢ Ftol A= ol FHAZAL

L
o yo

= o v dgo &

wo] Zoh oluct gHol § e AES
I EAR A% gol 2E 444, 2w 3
Uebdich 3 Aol BE Axgel B 34
b9e 2% Axdel 423 2% YHL Ao

¥
o
Bl

=
rlr

QY ofN
]
o

PN
—1—4
2

S
EhJ

N



—a—a
e i
b e
SN—r /m-V\
2
® . °
7 L
21 AMy W
| |~ b‘ ° @
3 & @
. B
/V/
i
-
L ]
G ©
[ ]
N N [ J o
.
®




Reﬂectlon symmetry in crystal
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3-3 Crystal Systems

 In crystallography, the terms crystal system, crystal
family, and lattice system each refer to one of several
classes of space groups, lattices, point groups, or crystals.
Informally, two crystals tend to be in the same crystal
system if they have similar symmetries, though there are
many exceptions to this.

 Crystal systems, crystal families, and lattice systems are
similar but slightly different, and there is widespread
confusion between them: in particular the trigonal crystal
system 1is often confused with the rhombohedral lattice
system, and the term "crystal system" is sometimes used to
mean "lattice system" or "crystal family".



http://en.wikipedia.org/wiki/Crystallography
http://en.wikipedia.org/wiki/Space_group
http://en.wikipedia.org/wiki/Space_group
http://en.wikipedia.org/wiki/Space_group
http://en.wikipedia.org/wiki/Crystal_structure
http://en.wikipedia.org/wiki/Point_group
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http://en.wikipedia.org/wiki/Trigonal_crystal_system
http://en.wikipedia.org/wiki/Trigonal_crystal_system
http://en.wikipedia.org/wiki/Trigonal_crystal_system
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http://en.wikipedia.org/wiki/Rhombohedral_lattice_system
http://en.wikipedia.org/wiki/Rhombohedral_lattice_system
http://en.wikipedia.org/wiki/Rhombohedral_lattice_system
http://en.wikipedia.org/wiki/Rhombohedral_lattice_system

o Space groups and crystals are divided into 7 crystal
systems according to their point groups, and into 7
lattice systems according to their Bravais lattices.

o Five of the crystal systems are essentially the same as five
of the lattice systems, but the hexagonal and trigonal
crystal systems differ from the hexagonal and
rhombohedral lattice systems.

o The six crystal families are formed by combining the
hexagonal and trigonal crystal systems into one
hexagonal family, in order to eliminate this confusion.



http://en.wikipedia.org/wiki/Space_group
http://en.wikipedia.org/wiki/Point_group
http://en.wikipedia.org/wiki/Bravais_lattice

e The relation between three-dimensional crystal families,
crystal systems, and lattice systems is shown in the
following table:

Crystal family Crystal system Required symmetries of point group point groups |space groups |bravais lattices Lattice system
Triclinic Mone 2 2 1 Triclinic
Monoclinic 1 twofold axis of rotation or 1 mirror plane 3 13 2 Maonoclinic
Ortharhombic 3 twofold axes of rotation or 1 twofold axis of rotation and two mirror planes. 3 59 4 Orthorhombic
Tetragonal 1 fourfold axis of rotation 7 64 2 Tetragonal
7 1 Rhombohedral
Trigonal 1 threefold axis of rotation 5
Hexagonal 18
1 Hexagonal
Hexagonal 1 sixfold axis of rotation 7 27
Cubic 4 threefold axes of rotation 5 36 3 Cubic
Total: 6 7 32 230 14 7

« The crystal systems can be classified with the
three axes a, b, ¢, and the angles q, B, y, between
axes in 3-dimensional parallelepiped.



azbzc, azfzy

azbzc, a=y=90"zp

azbzc, a=f=y=90"

a8 3-17 7 284

o
O
ol

a=b=c, a=f=y=90'<120"

oxl
z
oxl

a=bzc. a=B=y=90"

a=bzc, a=f=90", y=120'

rl

oX!

a=b=c, a=p=y=90"

NI




.. ’_.J c j ,_]___. cl ...... .
/ N 45° N 30°
/ / :
/ a a a
AP 384 g

54.44° \ 2

v

AR

Fig. 3-18 shows the symmetry axes existed in crystal systems.




Table 3-3 describes the axes lengths, angles between axes and
necessary symmetry factor for each crystal system.
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