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2.7 �Q!sq_� %i�o�(�ÃÐ�¦)

Ãº�<Æ>�_� Ø�æ���

1902�̧� %ò
²DG_� ô=�<Æ�� �Q!sq(1872-1970)�Ér |9�½+Ë�̀¦ "é¶�è�Ð ���H

�̧��H |9�½+Ë_� |9�½+Ë�̀¦ )�6 xô�Ç����� �̧í�Hs� {9�#Qèß�����H ��z�́�̀¦

ÅÒ�©��<ÊÜ¼�Ð+� Ãº�<Æ>�\� 	�H Ø�æ����̀¦ ÅÒ%3���.
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2.7 �Q!sq_� %i�o�(�ÃÐ�¦)

�Ð�̧&ñ
o� 1

�̧��H |9�½+Ë_� |9�½+Ë U�� �>rF�ô�Ç���¦ ��&ñ
��¦
R = {S ∈ U |S 6∈ S}s��� ���. Õª�Q��� R 6∈ R.

7£x"î


(�̧í�HZO�) R ∈ Rs��� ��&ñ
���. Õª�Q��� |9�½+Ë R_� &ñ
_�\� _��#�

R 6∈ Rs���. s���Ér	כ ��&ñ
 R ∈ R\� �̧í�Hs�Ù¼�Ð 0A "î
]j_� ����:r

R 6∈ R�Ér �ÃÐs���.
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2.7 �Q!sq_� %i�o�(�ÃÐ�¦)

&ñ
o� 10

�̧��H |9�½+Ë[þt�̀¦ "é¶�è�Ð ���H |9�½+Ë U��H �>rF��t� ·ú§��H��.

7£x"î


�Ð�̧&ñ
o� 1õ� �Ð�̧&ñ
o� 2�ÐÂÒ'� ��6£§�̀¦ %3���H��:

R 6∈ R ∧ R ∈ R ≡ c

Õª�QÙ¼�Ð ¿º �Ð�̧&ñ
o�_� ��&ñ
��� �̧��H |9�½+Ë_� |9�½+Ë U��
�>rF�ô�Ç����H ��Ér	כ �̧í�Hs���.
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2.7 �Q!sq_� %i�o�(�ÃÐ�¦)

|9�ë�H

ÄºÅÒ��H =åQs� \O��̀¦��?
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3.1 ¿º |9�½+Ë_� X<
�ØÔàÔY�L(Cartesian Product)

&ñ
_�

e��_�_� ¿º @/�©� a, b\� @/�#� í�H"f�©�(ordered pair)s����¦

���H (a, b)\�¦ ½̈$í
½+É Ãº e����.

“ordered”��H í�H"f�©� (a, b)\�"f a, b_� í�H"f�� ×�æ¹כ�<Ê�̀¦ y©��̧

í�H"f�©� (a, b)��H |9�½+Ë {a, b}ü< ��ØÔ��.

í�H"f�©� (a, b) = {{a}, {a, b}}�� °ú s� &ñ
_��l��̧ �<Ê.

(a, b) = (c , d) ⇔ a = c ∧ b = d
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3.1 ¿º |9�½+Ë_� X<
�ØÔàÔY�L(Cartesian Product)

&ñ
_� 1

e��_�_� ¿º |9�½+Ë A, B\� @/�#� x ∈ A, y ∈ B_� í�H"f�©� (x , y)_�

|9�½+Ë�̀¦ A, B_� X<
�ØÔàÔ Y�Ls��� ��¦ A× B�Ð �����·p��. 7£¤,

A× B = {(x , y) | x ∈ A ∧ y ∈ B}

í�H"f�©� (a, b)\�"f a, b\�¦ y��y�� 'Í	P: ýa³ð, ÑütP: ýa³ð���¦

ô�Ç��.
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3.1 ¿º |9�½+Ë_� X<
�ØÔàÔY�L(Cartesian Product)

\V]j 1

A = {a, b, c}, B = {1, 2}\� @/�#� A× Bü< B × A\�¦ y��y��

½̈�#���.

Û�¦s�

X<
�ØÔàÔY�L_� &ñ
_�\� _��#�

A× B = {(a, 1), (a, 2), (b, 1), (b, 2), (c , 1), (c, 2)}
B × A = {(1, a), (1, b), (1, c), (2, a), (2, b), (2, c)}

A× B 6= B × A\� Ä»_�

�§F�_� ÕªaË> 7 �ÃÐ�̧
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3.1 ¿º |9�½+Ë_� X<
�ØÔàÔY�L(Cartesian Product)

�ÃÐ�¦

A = B = R��� �â
Äº
A× B = R× R = {(x , y) | x ∈ R ∧ y ∈ R}

�Ér K�$3�l���<Æ\�"f_� ýa³ðî̈
����̀¦ >pwô�Ç��.
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3.1 ¿º |9�½+Ë_� X<
�ØÔàÔY�L(Cartesian Product)

\V]j 2

e��_�_� |9�½+Ë A\� @/�#� A× φ, φ× A\�¦ y��y�� ½̈�#���.

Û�¦s�

A× φ = {(a, b) | a ∈ A ∧ b ∈ φ}
s��¦ “b ∈ φ”�Ér �½Ó�©� ��f±	s�Ù¼�Ð e��_�_� í�H"f�©� (a, b)\� @/�#�

“(a, b) ∈ A× φ”�Ér ��f±	s���. ����"f A× φ = φ. ��ðøÍ��t��Ð

φ× A = φs���.
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3.1 ¿º |9�½+Ë_� X<
�ØÔàÔY�L(Cartesian Product)

&ñ
o� 1 (ì�rC�ZO�gË:)

e��_�_� |9�½+Ë A, B, C\� @/�#� ��6£§s� $í
wn�ô�Ç��.

(a) A× (B ∩ C ) = (A× B) ∩ (A× C )

(b) A× (B ∪ C ) = (A× B) ∪ (A× C )
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3.1 ¿º |9�½+Ë_� X<
�ØÔàÔY�L(Cartesian Product)

7£x"î


(a) A× (B ∩ C ) = (A× B) ∩ (A× C )

(a, x) ∈ A× (B ∩ C )

⇔ a ∈ A ∧ x ∈ B ∩ C (×_� &ñ
_�)

⇔ a ∈ A ∧ (x ∈ B ∧ x ∈ C ) (∩_� &ñ
_�)

⇔ (a ∈ A ∧ a ∈ A) ∧ (x ∈ B ∧ x ∈ C ) ("4�1pxZO�gË:)

⇔ (a ∈ A ∧ x ∈ B) ∧ (a ∈ A ∧ x ∈ C ) (�§8̈�ZO�gË:, ���½+ËZO�gË:)

⇔ (a, x) ∈ A× B ∧ (a, x) ∈ A× C (×_� &ñ
_�)

⇔ (a, x) ∈ (A× B) ∩ (A× C ) (∩_� &ñ
_�)
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3.1 ¿º |9�½+Ë_� X<
�ØÔàÔY�L(Cartesian Product)

Õª�QÙ¼�Ð A× (B ∩ C ) = (A× B) ∩ (A× C )s� $í
wn�ô�Ç��.

(b)��H ���_þvë�H]j
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3.1 ¿º |9�½+Ë_� X<
�ØÔàÔY�L(Cartesian Product)

&ñ
o� 2 (ì�rC�ZO�gË:)

e��_�_� |9�½+Ë A, B, C\� @/�#� ��6£§s� $í
wn�ô�Ç��.

A× (B − C ) = (A× B)− (A× C )
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3.1 ¿º |9�½+Ë_� X<
�ØÔàÔY�L(Cartesian Product)

7£x"î


A× (B − C ) = (A× B)− (A× C )

(a, x) ∈ A× (B − C )

⇔ a ∈ A ∧ x ∈ B − C (×_� &ñ
_�)

⇔ a ∈ A ∧ (x ∈ B ∧ x 6∈ C ) (−_� &ñ
_�)

⇔ (a ∈ A ∧ a ∈ A) ∧ (x ∈ B ∧ x 6∈ C ) ("4�1pxZO�gË:)

⇔ (a ∈ A ∧ x ∈ B) ∧ (a ∈ A ∧ x 6∈ C ) (�§8̈�ZO�gË:, ���½+ËZO�gË:)

⇔ (a, x) ∈ A× B ∧ (a, x) 6∈ A× C (×_� &ñ
_�)

⇔ (a, x) ∈ (A× B)− (A× C ) (−_� &ñ
_�)
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3.1 ¿º |9�½+Ë_� X<
�ØÔàÔY�L(Cartesian Product)

Õª�QÙ¼�Ð A× (B ∩ C ) = (A× B) ∩ (A× C )s� $í
wn�ô�Ç��.

0A 7£x"î
\�"f À1Ïçß�Ò�oÜ¼�Ð }9�K���� "î
]j ÂÒì�r_� “⇐”�̀¦

7£x"î
K� �Ð[j¹כ. (�2³àÔ, "î
]j “(a, x) ∈ A× C”_� ÂÒ&ñ
õ�

1lxu���� �7Ho�"î
]j\�¦ Òqty��)
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���_þvë�H]j 3.1

3, 4��� : Û¼Û¼�Ð K����

5, 7, 8(b), 8(c)��� : �̧Z>� ņq]j 4�Z4 16{9���t�
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3.2 �'a>�(Relation)

&ñ
_� 2

|9�½+Ë A\�"f |9�½+Ë B�Ð_� �'a>� R�Ér X<
�ØÔàÔ Y�L A× B_�

ÂÒì�r|9�½+Ë�̀¦ >pwô�Ç��. #�l�"f (a, b) ∈ R�̀¦ aRbü< °ú s� ����?/�¦,

s� l� ñ\�¦ “a��H R\� ���� bü< �'a>��)a��.”���¦ {9���H��.

A = B = X��� �â
Äº��H çß�éß�y�, “X\�"f_� �'a>� R”s����¦

{9���H��.

ex) A��H W @/�<Æ�§ �§Ãº[þt_� |9�½+Ë, B��H W @/�<Æ�§

�<Æõ�(ÂÒ)[þt_� |9�½+Ë

“a��H b �<Æõ�(ÂÒ)_� �§Ãºs���”\�¦ A\�"f B�Ð_� �'a>���

&ñ
_�½+É M:,

(�̂�ï�r�B, Ãº�<Æ�§¹¢¤õ�) ∈ R.
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s� l� ñ\�¦ “a��H R\� ���� bü< �'a>��)a��.”���¦ {9���H��.

A = B = X��� �â
Äº��H çß�éß�y�, “X\�"f_� �'a>� R”s����¦

{9���H��.

ex) A��H W @/�<Æ�§ �§Ãº[þt_� |9�½+Ë, B��H W @/�<Æ�§

�<Æõ�(ÂÒ)[þt_� |9�½+Ë

“a��H b �<Æõ�(ÂÒ)_� �§Ãºs���”\�¦ A\�"f B�Ð_� �'a>���

&ñ
_�½+É M:,
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19 / 28



3.2 �'a>�(Relation)

&ñ
_� 2

|9�½+Ë A\�"f |9�½+Ë B�Ð_� �'a>� R�Ér X<
�ØÔàÔ Y�L A× B_�

ÂÒì�r|9�½+Ë�̀¦ >pwô�Ç��. #�l�"f (a, b) ∈ R�̀¦ aRbü< °ú s� ����?/�¦,

s� l� ñ\�¦ “a��H R\� ���� bü< �'a>��)a��.”���¦ {9���H��.

A = B = X��� �â
Äº��H çß�éß�y�, “X\�"f_� �'a>� R”s����¦

{9���H��.

ex) A��H W @/�<Æ�§ �§Ãº[þt_� |9�½+Ë, B��H W @/�<Æ�§

�<Æõ�(ÂÒ)[þt_� |9�½+Ë

“a��H b �<Æõ�(ÂÒ)_� �§Ãºs���”\�¦ A\�"f B�Ð_� �'a>���

&ñ
_�½+É M:,

(�̂�ï�r�B, Ãº�<Æ�§¹¢¤õ�) ∈ R.

19 / 28



3.2 �'a>�(Relation)

&ñ
_� 3

e��_�_� |9�½+Ë A, B\� @/�#� A\�"f B�Ð_� �'a>� R_� %i��'a>�\�¦
R−1�Ð ����?/�¦, ��6£§õ� °ú s� &ñ
_�ô�Ç�� :

aRb ⇔ bR−1
a

7£¤,

R−1 = {(b, a) | (a, b) ∈ R}
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3.2 �'a>�(Relation)

\V]j 3

(a) A = {a, b}, B = {x , y , z}\� @/�#� R = {(a, x), (b, y)}��
Z�~Ü¼���, R−1 = {(x , a), (y , b)}.

(b) R = {(x , y) ∈ N× N | x��H y_� ���Ãºs���}{9� M:,

R−1 = {(y , x) ∈ N× N | y��H x_� C�Ãºs���}.
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3.2 �'a>�(Relation)

&ñ
_�

|9�½+Ë A\�"f |9�½+Ë B�Ð_� �'a>� R\�"f, &h�{©�ô�Ç(#Q�"�) b ∈ B\�

@/�#� aRb��� �̧��H a ∈ A_� |9�½+Ë�̀¦ R_� &ñ
_�%i�(domain)s���

��¦ Dom(R)�Ð �����·p��. 7£¤,

Dom(R) = {a ∈ A | (a, b) ∈ R for some b ∈ B}
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3.2 �'a>�(Relation)

&ñ
_�

|9�½+Ë A\�"f |9�½+Ë B�Ð_� �'a>� R\�"f, &h�{©�ô�Ç(#Q�"�) a ∈ A\�

@/�#� aRb��� �̧��H b ∈ B_� |9�½+Ë�̀¦ R_� �©�(image)s��� ��¦

Im(R)�Ð �����·p��. 7£¤,

Im(R) = {b ∈ B | (a, b) ∈ R for some a ∈ A}

Key Point : (a, b) ∈ Rs����,

a ∈ Dom(R)s��¦ b ∈ Im(R).
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3.2 �'a>�(Relation)

\V]j 3(a)

A = {a, b}, B = {x , y , z}, R = {(a, x), (b, y)}

\V]j 4

\V]j 3(a)\� @/�#� Dom(R) = {a, b}, Im(R) = {x , y}
\V]j 3(b)��H Û¼Û¼�Ð Òqty��.
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3.2 �'a>�(Relation)

&ñ
_� 4

|9�½+Ë X ( 6= φ)\�"f_� �'a>� R\� @/�#� ��6£§�̀¦ &ñ
_�ô�Ç��.

(a) R�Ér ìøÍ��&h�s���. ≡ ∀x ∈ X , xRx

(b) R�Ér @/g�A&h�s���. ≡ xRy ⇒ yRx

(c) R�Ér ÆÒs�&h�s���. ≡ xRy ∧ yRz ⇒ xRz

(d) R�Ér 1lxu��'a>�s��� ≡ Rs� ìøÍ��&h�, @/g�A&h�, ÆÒs�&h�

ìøÍ��&h�(reflexive), @/g�A&h�(symmetric), ÆÒs�&h�(transitive),

1lxu��'a>�(equivalence relation)

%�6£§ [j &ñ
_�\�¦ y��y�� ìøÍ��Ö�¦, @/g�AÖ�¦, ÆÒs�Ö�¦s����¦�̧

ú́�ô�Ç��.
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3.2 �'a>�(Relation)

�Ðl� 1

X = {1, 2, 3, 4}\�"f_� �'a>�
R = {(1, 1), (1, 4), (2, 2), (2, 4), (4, 1), (4, 2), (4, 4)}

�Ér @/g�A&h�s�t�ëß�, ìøÍ��&h��̧ ÆÒs�&h��̧ ��m���.

Û�¦s�

3 ∈ Xs�t�ëß� (3, 3) 6∈ Rs���. ����"f R�Ér ìøÍ��&h�s�
��m���.

R�Ér @/g�A&h�s���(check!!!)

(1, 4) ∈ R ∧ (4, 2) ∈ Rs�t�ëß� (1, 2) 6∈ Rs���. ����"f R�Ér
ÆÒs�&h�s� ��m���.
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3.2 �'a>�(Relation)

�Ðl� 2

z�́Ãº_� |9�½+Ë R\�"f_� �©�1px�'a>�(1pxd��) =��H 1lxu��'a>�s���.

7£x"î


(1) ∀x ∈ R, x − x = 0s�Ù¼�Ð, x = xs���(1pxd�� =_� &ñ
_�).

(2) x = y ⇒ x − y = 0 ⇒ −x + y = 0 ⇒ y − x = 0

⇒ y = x .

����"f x = y ⇒ y = x .

(3) x = y ∧ y = z ⇒ x = z . (Û¼Û¼�Ð K����)

Õª�QÙ¼�Ð �'a>� =�Ér 1lxu��'a>�s���.
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×�æçß��¦�� #3�0A

1.1]X� ∼ 3.2]X� Z�î�r X<��t�

y©�_�r�çß�\� ���/åLô�Ç ���_þvë�H]j(ņq]j, Û¼Û¼�Ð K���� ë�H]j)

éß�, 1.8]X�, 2.5]X�, 2.7]X�, 2.8]X� Òqt|ÄÌ

7ÅÒ	� Ãº\O� ½+Ëm���.
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