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3.5 |9�½+Ë_� �©�õ� %i��©�

&ñ
_� 9

�<ÊÃº f : X → Y\� @/
�#� A, B�� y��y�� X , Y_� ÂÒì�r|9�½+Ë{9� M:

(a) f\� ���Ér A_� �©�s�êøÍ ��6£§ |9�½+Ë�̀¦ _�p�ô�Ç��:

f (A) = {f (x) | x ∈ A}

(b) f\� ���Ér B_� %i��©�s�êøÍ ��6£§ |9�½+Ë�̀¦ _�p�ô�Ç��:

f −1(B) = {x | f (x) ∈ B}
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3.5 |9�½+Ë_� �©�õ� %i��©�

&ñ
o� 9

�<ÊÃº f : X → Y\� @/
�#� ��6£§s� $í
wn�ô�Ç��.

(a) f (φ) = φ

(b) ∀x ∈ X f ({x}) = {f (x)}

(c) A ⊆ B ⊆ Xs����, f (A) ⊆ f (B)

(d) C ⊆ D ⊆ Ys����, f −1(C ) ⊆ f −1(D)

7£x"î


Leave to students.
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3.5 |9�½+Ë_� �©�õ� %i��©�

&ñ
o� 10

�<ÊÃº f : X → Yü< &ñ
_�%i� X_� ÂÒì�r|9�½+Ë_� 7á¤ {Aγ | γ ∈ Γ}\�
@/
�#� ��6£§s� $í
wn�ô�Ç��.

(a) f (
⋃
γ∈Γ

Aγ) =
⋃
γ∈Γ

f (Aγ)

(b) f (
⋂
γ∈Γ

Aγ) ⊆
⋂
γ∈Γ

f (Aγ)
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3.5 |9�½+Ë_� �©�õ� %i��©�

7£x"î


&ñ
_� 9ü< ]j2�©� &ñ
_� 6(111Aá¤)\� _�
�#�

(a) y ∈ f (
⋃
γ∈Γ

Aγ)⇔ y = f (x) for some x ∈
⋃
γ∈Γ

Aγ

⇔ y = f (x) for some x ∈ Aγ for some γ ∈ Γ

⇔ y ∈ f (Aγ) for some γ ∈ Γ

⇔ y ∈
⋃
γ∈Γ

f (Aγ)

Õª�QÙ¼�Ð f (
⋃
γ∈Γ

Aγ) =
⋃
γ∈Γ

f (Aγ)
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3.5 |9�½+Ë_� �©�õ� %i��©�

(b) y�� γ ∈ Γ\� @/
�#�
⋂

γ∈Γ Aγ ⊆ Aγs�Ù¼�Ð, &ñ
o� 9(c)\� _�
�#�

y�� γ ∈ Γ\� @/
�#�

f (
⋂
γ∈Γ

Aγ) ⊆ f (Aγ)

Õª�QÙ¼�Ð, 2�©� &ñ
_� 7(113Aá¤)\� _�
�#�

f (
⋂
γ∈Γ

Aγ) ⊆
⋂
γ∈Γ

f (Aγ).
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3.5 |9�½+Ë_� �©�õ� %i��©�

��6£§ \V]j\�"f �Ð1pws� &ñ
o� 10(b)\�"f_� �í�<Êl� ñ ⊆ \�¦ 1px
 ñ = �Ð ��7
 Z�~�̀¦ Ãº \O���H �â
Äº�� e����.

\V]j 11

X = {a, b}, Y = {c}, Γ = {1, 2}, A1 = {a}, A2 = {b}�� 
��¦
f : X → Y�� f (a) = f (b) = c�̀¦ ëß�7á¤
���H �©�Ãº�<ÊÃº�� 
���.

Õª�Q���

f (A1 ∩ A2) = f (φ) = φ

s���. ìøÍ���\�

f (A1) ∩ f (A2) = {c} ∩ {c} = {c}

s���. ����"f f (A1 ∩ A2) 6= f (A1) ∩ f (A2)s���.
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3.5 |9�½+Ë_� �©�õ� %i��©�

&ñ
o� 11

f : X → Y�� �<ÊÃºs��¦ {Bγ | γ ∈ Γ}�� Y_� ÂÒì�r|9�½+Ë[þt_�

7á¤s��� 
���. Õª�Q���

(a) f −1(
⋃
γ∈Γ

Bγ) =
⋃
γ∈Γ

f −1(Bγ)

(b) f −1(
⋂
γ∈Γ

Bγ) =
⋂
γ∈Γ

f −1(Bγ)
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3.5 |9�½+Ë_� �©�õ� %i��©�

7£x"î


&ñ
_� 9ü< ]j2�©� &ñ
_� 6\� _�
�#�

(a) x ∈ f −1(
⋃
γ∈Γ

Bγ)⇔ f (x) ∈
⋃
γ∈Γ

Bγ

⇔ f (x) ∈ Bγ for some γ ∈ Γ

⇔ x ∈ f −1(Bγ) for some γ ∈ Γ

⇔ x ∈
⋃
γ∈Γ

f −1(Bγ)

Õª�QÙ¼�Ð f −1(
⋃
γ∈Γ

Bγ) =
⋃
γ∈Γ

f −1(Bγ)s���.
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3.5 |9�½+Ë_� �©�õ� %i��©�

(b) (a)_� 7£x"î
\�"f l� ñ ∪\�¦ ∩�Ð, ¢̧ “&h�{©�ô�Ç · · ·\� @/
�#�”\�¦

“�̧��H · · ·\� @/
�#�”�Ð y��y�� ��ÀDKÜ¼�Ð+� (b)\�¦ 7£x"î
½+É Ãº e����.
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3.5 |9�½+Ë_� �©�õ� %i��©�

&ñ
o� 12

f : X → Y�� �<ÊÃºs��¦ Bü< C�� Y_� ÂÒì�r|9�½+Ës��� 
���.

Õª�Q���

f −1(B − C ) = f −1(B)− f −1(C )

7£x"î


&ñ
_� 9ü< ]j2�©� &ñ
_� 5\� _�
�#�

x ∈ f −1(B − C )⇔ f (x) ∈ (B − C )

⇔ f (x) ∈ B ∧ f (x) 6∈ C

⇔ x ∈ f −1(B) ∧ x 6∈ f −1(C )

⇔ x ∈ f −1(B)− f −1(C )

Õª�QÙ¼�Ð f −1(B − C ) = f −1(B)− f −1(C )s���.
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���_þvë�H]j 3.5

1, 4, 5, 6, 9, 10, 11 ��� : �̧Z>� 1ë�H]jm�� ņq]j

12��� : /BN:�x ņq]j
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3.6 éß���, �����, ���éß���

&ñ
_� 10

�<ÊÃº f : X → Y\�"f_� x1, x2 ∈ X\� @/
�#�

f (x1) = f (x2) ⇒ x1 = x2

{9� M:, s� �<ÊÃº\�¦ {9�@/{9�(one-to-one) ¢̧��H éß���&h�(injective)s���

ô�Ç��. éß���&h� �<ÊÃº\�¦ çß�éß�y� éß���(injection)���¦ ÂÒ�Ér��.

éß����<ÊÃº_� &ñ
_�ü< 1lxu���� "î
]j :

x1 6= x2 ⇒ f (x1) 6= f (x2)
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3.6 éß���, �����, ���éß���

&ñ
_� 11

�<ÊÃº f : X → Y\� e��#Q"f e��_�_� y ∈ Y\� @/
�#� &h�#Q�̧


���_� x ∈ X�� �>rF�
�#� y = f (x){9� M:, 7£¤,

f (X ) = Y

{9� M:, s� �<ÊÃº\�¦ 0A�Ð(onto) ¢̧��H �����&h�(surjective)s��� ô�Ç��.

�����&h� �<ÊÃº\�¦ çß�éß�y� �����(surjection)���¦ ÂÒ�Ér��.
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3.6 éß���, �����, ���éß���

\V]j 12

f (x) = sin x�Ð &ñ
_��)a �<ÊÃº f : R→ [−1, 1]�Ér �����s�t�ëß� Õª

/BN%i� [−1, 1]�̀¦ |9�½+Ë R�Ð ��7
 Z�~�Ér �<ÊÃº g : R→ R��H �������
��m���.
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3.6 éß���, �����, ���éß���

&ñ
_� 12

�<ÊÃº f : X → Y�� éß���&h�s��¦ �����&h�{9� M: s� �<ÊÃº\�¦

���éß���&h�(bijective)s��� 
��¦ çß�éß�y� ���éß���(bijection) ¢̧��H

{9�@/{9� @/6£x(one-to-one correspondence)s����¦ ô�Ç��.
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3.6 éß���, �����, ���éß���

&ñ
o� 10(b)(173Aá¤)ü< ��6£§ &ñ
o� q��§.

&ñ
o� 13

f : X → Y�� éß���s��¦ {Aγ | γ ∈ Γ}�� X_� ÂÒì�r|9�½+Ë[þt_� 7á¤s���


���. Õª�Q���

f (
⋂
γ∈Γ

Aγ) =
⋂
γ∈Γ

f (Aγ)
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3.6 éß���, �����, ���éß���

7£x"î


&ñ
_� 9ü< ]j2�©� &ñ
_� 7\� _�
�#� ��6£§s� $í
wn�ô�Ç��.

y ∈
⋂
γ∈Γ

f (Aγ)⇔ ∀γ ∈ Γ y ∈ f (Aγ)

⇔ ∀γ ∈ Γ [∃xγ ∈ Aγ s.t. y = f (xγ)]

��&ñ
\�"f f : X → Y��H éß���s�Ù¼�Ð �̧��H xγ ∈ Aγ[þt�Ér °ú ��.

s��¦̀�	כ x0�� Z�~Ü¼���
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3.6 éß���, �����, ���éß���

y ∈
⋂
γ∈Γ

f (Aγ)⇔ ∀γ ∈ Γ [∃xγ ∈ Aγ s.t. y = f (xγ)]

⇔ ∃x0 ∈
⋂
γ∈Γ

Aγ s.t. y = f (x0)

⇔ y ∈ f (
⋂
γ∈Γ

Aγ)

Õª�QÙ¼�Ð f (
⋂
γ∈Γ

Aγ) =
⋂
γ∈Γ

f (Aγ)s���.
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3.6 éß���, �����, ���éß���

&ñ
o� 14

�<ÊÃº f : X → Y�� ���éß����� 
���. Õª�Q��� f −1 : Y → X�̧

���éß���s���.

7£x"î


ÅÒ�©�1 : �'a>� f −1
��H Y\�"f X�Ð_� �<ÊÃºs���.

f −1
��H ����� f : X → Y_� %i��'a>�s�Ù¼�Ð

Dom(f −1) = Im(f ) = Ys���.

(y , x1) ∈ f −1, (y , x2) ∈ f −1�� Z�~Ü¼���

(x1, y) ∈ f , (x2, y) ∈ fs�Ù¼�Ð y = f (x1) = f (x2)s���.

��&ñ
\�"f f��H éß���s�Ù¼�Ð x1 = x2s���.

Õª�QÙ¼�Ð f −1 : Y → X��H �<ÊÃºs���.
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3.6 éß���, �����, ���éß���

ÅÒ�©�2 : f −1 : Y → X��H éß���s���.

y1, y2 ∈ Y\� @/
�#� f −1(y1) = f −1(y2) = x�� Z�~Ü¼���

f (x) = y1, f (x) = y2s���.

��&ñ
\�"f f��H �<ÊÃºs�Ù¼�Ð, y1 = y2s���. ����"f f −1
��H

éß���s���.
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3.6 éß���, �����, ���éß���

ÅÒ�©�3 : f −1 : Y → X��H �����s���.

f −1
��H f_� %i��'a>�s�Ù¼�Ð

Im(f −1) = Dom(f )

Õªo��¦ f��H �<ÊÃºs�Ù¼�Ð, Dom(f ) = Xs���. ����"f

Im(f −1) = Xs���. 7£¤, f −1
��H �����s���.

ÅÒ�©�1, 2, 3\� _�
�#� f −1 : Y → X��H ���éß���s���.

f�� ���éß���{9� M:, f −1 : Y → X\�¦ f_� %i��<ÊÃº(inverse

function)�� ÂÒ�Ér��.
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���_þvë�H]j 3.6

1, 5, 8, 9, 12, 13 ��� : Û¼Û¼�Ð K����
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3.7 �<ÊÃº_� ½+Ë$í
(Composition)

&ñ
_� 13

¿º �<ÊÃº f : X → Yü< g : Y → Z\� @/
�#�, fü< g_�

½+Ë$í
(composition)�Ér ��6£§õ� °ú s� &ñ
_��)a �<ÊÃº

g ◦ f : X → Zs���.

(g ◦ f )(x) = g(f (x)) ∀x ∈ X

g ◦ f\�¦ ��A�ü< °ú s� ����è­q Ãº�̧ e����.

g ◦ f = {(x , z) ∈ X × Z | ∃y ∈ Y [(x , y) ∈ f ∧ (y , z) ∈ g ]}
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3.7 �<ÊÃº_� ½+Ë$í
(Composition)

\V]j 13

∀x ∈ R f (x) = x + 1, g(x) = x2Ü¼�Ð &ñ
_��)a �<ÊÃº

f : R→ R, g : R→ R
\� @/
�#� ½+Ë$í
�<ÊÃº (g ◦ f )(x), (f ◦ g)(x)\�¦ ½̈
�#���.

Û�¦s�

(g ◦ f )(x) = g(f (x)) = g(x + 1) = (x + 1)2

(f ◦ g)(x) = f (g(x)) = f (x2) = x2 + 1

(g ◦ f )(0) = (f ◦ g)(0) = 1s�t�ëß�

x 6= 0s����, (g ◦ f )(x) 6= (f ◦ g)(x)s���.(why?)

Õª�QÙ¼�Ð g ◦ f 6= f ◦ gs���.
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3.7 �<ÊÃº_� ½+Ë$í
(Composition)

&ñ
o� 15

f : X → Y , g : Y → Z , h : Z →W�� �<ÊÃº�� 
���. Õª�Q���

(h ◦ g) ◦ f = h ◦ (g ◦ f )

7£x"î


(h ◦ g) ◦ fü< h ◦ (g ◦ f )��H �̧¿º X\�"f W�Ð_� �<ÊÃº��� �¦̀�	כ ~1�>�

·ú� Ãº e����. Õª�QÙ¼�Ð 0A 1pxd��s� $í
wn��<Ê�̀¦ �Ðs��9��� 3.4]X�_�

&ñ
o� 7(161Aá¤)\� _�K� ��6£§�̀¦ �Ðs���� �)a��.

((h ◦ g) ◦ f )(x) = (h ◦ (g ◦ f ))(x) ∀x ∈ X
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3.7 �<ÊÃº_� ½+Ë$í
(Composition)

½+Ë$í
�<ÊÃº_� &ñ
_�\� _�
�#�

((h ◦ g) ◦ f )(x) = (h ◦ g)(f (x)) = h(g(f (x)))

s��¦

(h ◦ (g ◦ f ))(x) = h((g ◦ f )(x)) = h(g(f (x)))

s���.

����"f ((h ◦ g) ◦ f )(x) = (h ◦ (g ◦ f ))(x) ∀x ∈ X .

Õª�QÙ¼�Ð (h ◦ g) ◦ f = h ◦ (g ◦ f )s���.
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3.7 �<ÊÃº_� ½+Ë$í
(Composition)

&ñ
o� 16

f : X → Y�� �<ÊÃº�� 
���. Õª�Q���

(a) g ◦ f = IX (�½Ó1px�<ÊÃº)�̀¦ ëß�7á¤
���H �<ÊÃº g : Y → X��

�>rF�
����, f : X → Y��H éß���s���.

(b) f ◦ h = IY �̀¦ ëß�7á¤
���H �<ÊÃº h : Y → X�� �>rF�
����,

f : X → Y��H �����s���.
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3.7 �<ÊÃº_� ½+Ë$í
(Composition)

7£x"î


(a) e��_�_� x1, x2 ∈ X\� @/
�#� f (x1) = f (x2)�� 
���. Õª�Q���

x1 = IX (x1) = g(f (x1)) = g(f (x2)) = IX (x2) = x2.

Õª�QÙ¼�Ð f��H éß���s���.

(b) y ∈ Y�� 
���. Õª�Q��� h(y) = x��� x ∈ X�� �>rF�ô�Ç��.

����"f

f (x) = f (h(y)) = (f ◦ h)(y) = IY (y) = y .

Õª�QÙ¼�Ð f��H �����s���.
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���_þvë�H]j 3.7

5, 6, 7, 9��� : Û¼Û¼�Ð K����

cf.) 6���õ� q��§. f : R→ R, g : R→ R{9� M:,

(f ◦ g)(x) = (g ◦ f )(x) = xs���� f��H ���éß���s���.
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