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4.1 Ä»ô�Ç|9�½+Ëõ� Áºô�Ç|9�½+Ë

&ñ
_� 1(Dedekind, 1888)

ÅÒ#Q��� |9�½+Ë X (6= φ)\� @/
�#� Õª ���ÂÒì�r|9�½+Ë Y��

�>rF��<ÊÜ¼�Ð+� Xü< Y ��s�\� {9�@/{9� @/6£xs� �>rF�½+É M: X\�¦

Áºô�Ç|9�½+Ës��� ô�Ç��. 7£¤

X��H Áºô�Ç|9�½+Ë ⇔ ∃éß��� f : X → X s.t. f (X ) ⊂ X .

ô�Ç¼#� Áºô�Ç|9�½+Ës� ����� |9�½+Ë�̀¦ Ä»ô�Ç|9�½+Ës��� ô�Ç��.

�����Ãº[þt_� |9�½+Ë Ns� Áºô�Ç|9�½+Ëe���̀¦ [O�"î
½+É Ãº e����H éß���
�<ÊÃº f : N→ N\�¦ ¹1ÔÜ¼r��̧.(check!)
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4.1 Ä»ô�Ç|9�½+Ëõ� Áºô�Ç|9�½+Ë

\V]j 1

/BN|9�½+Ë φü< ô�Ç"é¶�è|9�½+Ë�Ér Ä»ô�Ç|9�½+Ës���.

Û�¦s�

(1) /BN|9�½+Ë�Ér ���ÂÒì�r|9�½+Ë�̀¦ °ú�t� ·ú§Ü¼Ù¼�Ð Áºô�Ç|9�½+Ës� ��m���.

Õª�QÙ¼�Ð φ��H Ä»ô�Ç|9�½+Ës���.

(2) X = {a}s��� 
���. X_� ���ÂÒì�r|9�½+Ë�Ér φ÷�rs��¦, Xü< φ

��s�\���H {9�@/{9� @/6£xs� �>rF�
�t� ·ú§��H��(why?). ����"f X��H

Ä»ô�Ç|9�½+Ës���.
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4.1 Ä»ô�Ç|9�½+Ëõ� Áºô�Ç|9�½+Ë

&ñ
o� 1

(a) e��_�_� Áºô�Ç|9�½+Ë_� �í|9�½+Ë�Ér Áºô�Ç|9�½+Ës���.

(b) e��_�_� Ä»ô�Ç|9�½+Ë_� ÂÒì�r|9�½+Ë�Ér Ä»ô�Ç|9�½+Ës���.

7£x"î


(a) X�� Áºô�Ç|9�½+Ës��¦ X ⊆ Y�� 
���. Áºô�Ç|9�½+Ë_� &ñ
_�\�

_�
�#� f (X ) 6= X�̀¦ ëß�7á¤
���H éß��� f : X → X�� �>rF�ô�Ç��.

�<ÊÃº g : Y → Y\�¦ ��6£§õ� °ú s� &ñ
_�
���:

g(y) =

f (y), y ∈ X

y , y ∈ Y − X
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4.1 Ä»ô�Ç|9�½+Ëõ� Áºô�Ç|9�½+Ë

s� �<ÊÃº��H éß���s��¦ g(Y ) 6= Ys���(check!). Õª�QÙ¼�Ð

Áºô�Ç|9�½+Ë_� &ñ
_�\� _�
�#� Y��H Áºô�Ç|9�½+Ës���.

(b)(�̧í�HZO�) Y�� Ä»ô�Ç|9�½+Ës��¦ X ⊆ Y�� 
��¦ X��H

Áºô�Ç|9�½+Ës��� ��&ñ

���. Õª�Q��� (a)\� _�
�#� Y��H

Áºô�Ç|9�½+Ës���. s���Ér	כ Y�� Ä»ô�Ç|9�½+Ës�����H ��&ñ
\� �̧í�Hs���.

Õª�QÙ¼�Ð X��H Ä»ô�Ç|9�½+Ës���.
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4.1 Ä»ô�Ç|9�½+Ëõ� Áºô�Ç|9�½+Ë

&ñ
o� 2

g : X → Y�� {9�@/{9� @/6£xs��� 
���. X�� Áºô�Ç|9�½+Ës���� /BN%i�

Y �̧ Áºô�Ç|9�½+Ës���.

7£x"î


X��H Áºô�Ç|9�½+Ës�Ù¼�Ð, f (X ) 6= X�̀¦ ëß�7á¤
���H éß��� f : X → X��

�>rF�ô�Ç��. ��&ñ
\�"f g : X → Y��H {9�@/{9� @/6£xs�Ù¼�Ð

g−1 : Y → X�̧ {9�@/{9� @/6£xs���[]j3�©� &ñ
o� 14(187Aá¤)].
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&ñ
o� 2

g : X → Y�� {9�@/{9� @/6£xs��� 
���. X�� Áºô�Ç|9�½+Ës���� /BN%i�

Y �̧ Áºô�Ç|9�½+Ës���.

7£x"î


X��H Áºô�Ç|9�½+Ës�Ù¼�Ð, f (X ) 6= X�̀¦ ëß�7á¤
���H éß��� f : X → X��

�>rF�ô�Ç��. ��&ñ
\�"f g : X → Y��H {9�@/{9� @/6£xs�Ù¼�Ð

g−1 : Y → X�̧ {9�@/{9� @/6£xs���[]j3�©� &ñ
o� 14(187Aá¤)].

6 / 28



4.1 Ä»ô�Ç|9�½+Ëõ� Áºô�Ç|9�½+Ë

(1) Õª�Q��� h = g ◦ f ◦ g−1 : Y → Y��H éß���s���(check!).

(2) Õªo��¦

h(Y ) = (g ◦ f ◦ g−1)(Y ) = g(f (g−1(Y )))

= g(f (X )) ⊂ g(X ) = Y

s���. Õª�QÙ¼�Ð (1)õ� (2)\� _�
�#� Y��H Áºô�Ç|9�½+Ës���.
7 / 28



4.1 Ä»ô�Ç|9�½+Ëõ� Áºô�Ç|9�½+Ë

��2£§&ñ
o�

g : X → Y�� {9�@/{9� @/6£xs��� 
���. X�� Ä»ô�Ç|9�½+Ës����, Y �̧

Ä»ô�Ç|9�½+Ës���.

7£x"î


Leave to students.
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4.1 Ä»ô�Ç|9�½+Ëõ� Áºô�Ç|9�½+Ë

&ñ
o� 3

X�� Áºô�Ç|9�½+Ës��¦ x0 ∈ X�� 
���. Õª�Q��� X − {x0}�Ér
Áºô�Ç|9�½+Ës���.

7£x"î


X�� Áºô�Ç|9�½+Ës�Ù¼�Ð, f (X ) ⊂ X�̀¦ ëß�7á¤
���H éß��� f : X → X��

�>rF�ô�Ç��.

�â
Äº (1) x0 ∈ f (X )

∃!x1 ∈ X s.t. f (x1) = x0.

�<ÊÃº g : X − {x0} → X − {x0}\�¦ ��A�ü< °ú s� &ñ
_�ô�Ç��:

g(x) =

f (x), x 6= x1

x2, x = x1 ∈ X − {x0}
#�l�"f x2��H |9�½+Ë X − f (X )_� �¦&ñ
�)a "é¶�ès���.
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4.1 Ä»ô�Ç|9�½+Ëõ� Áºô�Ç|9�½+Ë

Õª�Q��� g��H éß���r��¦(check!)

g(X − {x0}) = f (X − {x0, x1}) ∪ {x2}

= [f (X )− f ({x0, x1})] ∪ {x2} why?

⊂ (X − {f (x0), x0}) ∪ {x2}

⊆ X − {x0}.
����"f X − {x0}��H Áºô�Ç|9�½+Ës���.
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4.1 Ä»ô�Ç|9�½+Ëõ� Áºô�Ç|9�½+Ë

�â
Äº (2) x0 ∈ X − f (X )

�<ÊÃº g : X − {x0} → X − {x0}\�¦ ��6£§õ� °ú s� &ñ
_�ô�Ç��:

g(x) = f (x) ∀x ∈ X − {x0}.

#�l�"f f��H éß���s�Ù¼�Ð g�̧ éß���s���. Õªo��¦

g(X − {x0}) = f (X − {x0})

= f (X )− {f (x0)}

⊆ (X − {x0})− {f (x0)}

⊂ X − {x0}
����"f X − {x0}��H Áºô�Ç|9�½+Ës���.

Õª�QÙ¼�Ð �̧��H �â
Äº\� @/
�#� X − {x0}��H Áºô�Ç|9�½+Ës���.
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4.1 Ä»ô�Ç|9�½+Ëõ� Áºô�Ç|9�½+Ë

y�� k ∈ N\� @/
�#� Nk = {1, 2, · · · , k}�� 
���.

\V]j 2

y�� k ∈ N\� @/
�#� Nk��H Ä»ô�Ç|9�½+Ës���.

Û�¦s�

Leave to students(by M.I.).
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4.1 Ä»ô�Ç|9�½+Ëõ� Áºô�Ç|9�½+Ë

&ñ
o� 4

X�� Ä»ô�Ç|9�½+Ës�l� 0Aô�Ç �¹Ø�æìכ��9r�̧|	��Ér ��6£§ ¿º ��t� ×�æ


���ëß��̀¦ ëß�7á¤
���H �:���s	כ

X = φ

#Q�"� k ∈ N\� @/
�#� {9�@/{9� @/6£x gk : X → Nk�� �>rF�ô�Ç��.
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4.1 Ä»ô�Ç|9�½+Ëõ� Áºô�Ç|9�½+Ë

7£x"î


(⇐) �â
Äº (1) X = φ

X��H \V]j 1\� _�
�#� Ä»ô�Ç|9�½+Ës���.

�â
Äº (2) #Q�"� k ∈ N\� @/
�#� {9�@/{9� @/6£x gk : X → Nk�� �>rF�

Nk��H \V]j 2\� _�
�#� Ä»ô�Ç|9�½+Ës�Ù¼�Ð, &ñ
o� 2_� ��2£§&ñ
o�\�

_�
�#� X��H Ä»ô�Ç|9�½+Ës���.

(⇒) ÅÒ�©� : X 6= φs��¦ �̧��H k ∈ N\� @/
�#� ���éß���
gk : X → Nk�� �>rF�
�t� ·ú§Ü¼���, X��H Áºô�Çs���. (check!).

14 / 28



���_þvë�H]j 4.1

2, 4, 8��� : Û¼Û¼�Ð K����

5, 6, 7 ��� : y�� �̧Z>� ô�Ç ë�H]jm��(���_þvë�H]j 4.2 �í�<Ê)
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4.2 |9�½+Ë_� @/1px(equipotence of Sets

&ñ
_� 2

¿º |9�½+Ë X , Y\� @/
�#� {9�@/{9� @/6£x f : X → Y�� �>rF�½+É M:,

Xü< Y��H @/1px(equipotent)
����¦ ú́�
� 9, X ∼ Y�Ð �����·p��.

X ∼ Y ⇔ Y ∼ X

l� ñ f : X ∼ Y��H f : X → Y�� {9�@/{9� @/6£xe���̀¦ �����·p��.
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4.2 |9�½+Ë_� @/1px(equipotence of Sets

&ñ
o� 5

|9�½+Ë7á¤ P 0A_� �'a>� R�̀¦ ��6£§õ� °ú s� &ñ
_�
���: e��_�_�

X ,Y ∈ P\� @/
�#�
X ∼ Y ⇔ XRY

Õª�Q��� R�Ér P 0A_� 1lxu��'a>�s���.

7£x"î


�½Ó1px�<ÊÃº s�6 x.

{9�@/{9� @/6£x �<ÊÃº[þt_� %i��<ÊÃºü< ½+Ë$í
�<ÊÃº[þt %i�r� {9�@/{9�

@/6£xe���̀¦ s�6 x. (check!)

17 / 28



4.2 |9�½+Ë_� @/1px(equipotence of Sets

&ñ
o� 5

|9�½+Ë7á¤ P 0A_� �'a>� R�̀¦ ��6£§õ� °ú s� &ñ
_�
���: e��_�_�

X ,Y ∈ P\� @/
�#�
X ∼ Y ⇔ XRY

Õª�Q��� R�Ér P 0A_� 1lxu��'a>�s���.

7£x"î


�½Ó1px�<ÊÃº s�6 x.

{9�@/{9� @/6£x �<ÊÃº[þt_� %i��<ÊÃºü< ½+Ë$í
�<ÊÃº[þt %i�r� {9�@/{9�

@/6£xe���̀¦ s�6 x. (check!)

17 / 28



4.2 |9�½+Ë_� @/1px(equipotence of Sets

\V]j 3\�"f l� ñ (, 01), (−1, 1)�Ér R_� ���ÂÒì�r|9�½+Ë��� ½̈çß�s�
��.

\V]j 3

��6£§s� $í
wn��<Ê�̀¦ �Ð#���.

(a) (0, 1) ∼ (−1, 1)

(b) (−1, 1) ∼ R, (0, 1) ∼ R

Û�¦s�

(a) �<ÊÃº f : (0, 1)→ (−1, 1)\�¦ ��6£§õ� °ú s� &ñ
_�
���:

f (x) = 2x − 1 ∀x ∈ (0, 1).

Õª�Q��� f��H {9�@/{9� @/6£xs���.(check!).

Õª�QÙ¼�Ð (0, 1) ∼ (−1, 1).

18 / 28
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4.2 |9�½+Ë_� @/1px(equipotence of Sets

(b) (1) �<ÊÃº g : (−1, 1)→ R\�¦ ��6£§õ� °ú s� &ñ
_�
���:

g(x) = tan(π2 x) ∀x ∈ (−1, 1).

Õª�Q��� g��H {9�@/{9� @/6£xs���(ÕªA�áÔ�Ð SX����).

Õª�QÙ¼�Ð (−1, 1) ∼ Rs���.

(2) 0A\�"f &ñ
_��)a �<ÊÃº f : (0, 1)→ (−1, 1)ü< g : (−1, 1)→ R��H
{9�@/{9� @/6£xs�Ù¼�Ð, ½+Ë$í
 g ◦ f : (0, 1)→ R %i�r� {9�@/{9�
@/6£xs���.

((g ◦ f )(x) = tan(πx − π
2 ) ∀x ∈ (0, 1))

Õª�QÙ¼�Ð (0, 1) ∼ Rs���.
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4.2 |9�½+Ë_� @/1px(equipotence of Sets

&ñ
o� 6

e��_�_� |9�½+Ë X , Y , Z , W\� @/
�#�

X ∩ Z = φ = Y ∩W

f : X ∼ Y , g : Z ∼W

s��� 
���. Õª�Q���

f ∪ g : (X ∪ Z ) ∼ (Y ∪W ).

7£x"î


X ∩ Z = φs�Ù¼�Ð, ]j3�©� &ñ
o� 8(167Aá¤)\� _�K�

f ∪ g : X ∪ Z → Y ∪W��H �<ÊÃºs���.

ÅÒ�©� : f ∪ g��H {9�@/{9� @/6£xs���(check!).
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&ñ
o� 7

|9�½+Ë X , Y , Z , W\� @/
�#� X ∼ Y , Z ∼Ws��� 
���. Õª�Q���

X × Z ∼ Y ×W .

7£x"î


f : X ∼ Ys��¦ g : Z ∼W�� Z�~�¦, �<ÊÃº

f × g : X × Z → Y ×W\�¦ ��6£§õ� °ú s� &ñ
_�
���:

(f × g)(x , z) = (f (x), g(z)) ∀(x , z) ∈ X × Z .

Õª�Q��� f × g��H {9�@/{9� @/6£xs���(check!).
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What is the smallest infinite set?

&ñ
_� 3
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4.2 |9�½+Ë_� @/1px(equipotence of Sets

What is the “smallest” infinite set?

Ans : N or any set which is equipotent to N

&ñ
_� 3

|9�½+Ë X\� @/
�#�

X ∼ N{9� M:, X\�¦ ��ÂÒ���|9�½+Ë(denumberable set)s��� ô�Ç��.

X�� Ä»ô�Ç|9�½+Ës����� ��ÂÒ���|9�½+Ë{9� M:, X\�¦ ��íß�

|9�½+Ë(countable set)s��� ô�Ç��.
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X�� ��ÂÒ��� 7£¤, f : N ∼ X��� f�� �>rF�½+É M:,

f (1) = x1, f (2) = x2, · · · , f (k) = xk , · · ·
�� Z�~Ü¼��� X = {x1, x2, · · · , xk , · · · }�Ð ����è­q Ãº e����.
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&ñ
o� 8

��ÂÒ���|9�½+Ë_� �̧��H Áºô�Ç ÂÒì�r|9�½+Ë�Ér ��ÂÒ���(|9�½+Ë)s���.

7£x"î


Y�� ��ÂÒ���|9�½+Ë X = {x1, x2, x3, · · · }_� Áºô�Ç ÂÒì�r|9�½+Ës���

���.

Y_� "é¶�è ×�æ Õª '������ ���©� ����Ér �¦̀�	כ n1, 7£¤,

xn1 ∈ Y

s��� Z�~��H��.

|9�½+Ë Y − {xn1}_� "é¶�è ×�æ '������ ���©� ����Ér �¦̀�	כ n2, 7£¤,

xn2 ∈ Y − {xn1}
s��� Z�~��H��.
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s�ü< °ú s� xnk−1
∈ Y\�¦ ���×þ�ô�Ç +' "é¶�è

xnk ∈ Y − {xn1 , xn2 , · · · , xnk−1
}

\�¦ Õª '���� nk�� ���©� ����Ér �â
Äº_� �Ü¼�Ð	כ ×þ�ô�Ç��.

#�l�"f Y��H Áºô�Ç|9�½+Ës�Ù¼�Ð y�� k ∈ N\� @/ô�Ç xnk ∈ Y��H �½Ó�©�

�>rF�ô�Ç��.

Õª�QÙ¼�Ð y�� k ∈ N\� @/
�#� Y − {xn1 , xn2 , · · · , xnk−1
} 6= φ.

�<ÊÃº f : N→ Y\�¦ ��6£§õ� °ú s� &ñ
_�
���:

f (k) = xnk ∀k ∈ N.
Õª�Q��� f��H {9�@/{9� @/6£xs���(check!).

Õª�QÙ¼�Ð Y��H ��ÂÒ���|9�½+Ës���.
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��2£§&ñ
o�

��íß�|9�½+Ë_� �̧��H ÂÒì�r|9�½+Ë�Ér ��íß�(|9�½+Ë)s���.
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6, 7, 8, 9 ��� : y�� �̧Z>� ô�Ç ë�H]jm��(���_þvë�H]j 4.1 �í�<Ê)
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