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4.3 ��ÂÒ���|9�½+Ë_� $í
|9�

Ne = {2n | n ∈ N}, No = {2n − 1 | n ∈ N}

Neü< No��H ��ÂÒ���s���.

Ne ∪ No = N %i�r� ��ÂÒ���s���.
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4.3 ��ÂÒ���|9�½+Ë_� $í
|9�

&ñ
o� 9

¿º ��ÂÒ��� |9�½+Ë A, B_� ½+Ë|9�½+Ë A ∪ B��H ��ÂÒ���(|9�½+Ë)s���.

7£x"î


�â
Äº (1) A ∩ B = φ

A ∼ Ns��¦ N ∼ Nos�Ù¼�Ð, A ∼ Nos���. ��ðøÍ��t��Ð

B ∼ Nes���. ����"f &ñ
o� 6(219Aá¤)\� _�
�#�

(A ∪ B) ∼ (Ne ∪ No)s���. Õª�QÙ¼�Ð A ∪ B ∼ Ns���.
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4.3 ��ÂÒ���|9�½+Ë_� $í
|9�

�â
Äº (2) A ∩ B 6= φ

C = B − A�� 
���� A ∪ C = A ∪ Bs��¦ A ∩ C = φs���. #�l�"f

|9�½+Ë C ⊆ B��H Ä»ô�Ç|9�½+Ës����� ��ÂÒ���|9�½+Ës���(&ñ
o� 8_�

��2£§&ñ
o�).

C�� Ä»ô�Ç|9�½+Ës����, A ∪ C��H ��ÂÒ���|9�½+Ës���(���_þvë�H]j 4.2 ë�H]j

7���(223Aá¤))

C�� ��ÂÒ���|9�½+Ës����, (1)\� _�
�#� A ∪ C��H ��ÂÒ���|9�½+Ës���.

�â
Äº (1), (2)\� _�
�#� A ∪ B��H ��ÂÒ���s���.
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4.3 ��ÂÒ���|9�½+Ë_� $í
|9�

��2£§&ñ
o�

A1, A2, · · · , Ans� ��ÂÒ���|9�½+Ës����,
n⋃

k=1

Ak�̧ ��ÂÒ���|9�½+Ës���.

7£x"î


Leave it to students.
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4.3 ��ÂÒ���|9�½+Ë_� $í
|9�

\V]j 4

&ñ
Ãº_� |9�½+Ë Z��H ��ÂÒ���|9�½+Ës���. (check!)
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4.3 ��ÂÒ���|9�½+Ë_� $í
|9�

&ñ
o� 10

|9�½+Ë N× N�Ér ��ÂÒ���|9�½+Ës���.

7£x"î


��6£§õ� °ú s� &ñ
_��)a �<ÊÃº f : N× N→ N�̀¦ Òqty��
���:

f (j , k) = 2j3k ∀(j , k) ∈ N× N.
f��H éß���s�Ù¼�Ð(check!),

N× N ∼ f (N× N) ⊆ N
s���. N× Ns� Áºô�Ç|9�½+Ës�Ù¼�Ð f (N× N)�̧ Áºô�Ç|9�½+Ës���.

��ÂÒ���|9�½+Ë_� Áºô�ÇÂÒì�r|9�½+Ë�Ér ��ÂÒ���|9�½+Ës�Ù¼�Ð(&ñ
o� 8)

f (N× N)�Ér ��ÂÒ���s���. Õª�QÙ¼�Ð N× N�Ér ��ÂÒ���s���.
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4.3 ��ÂÒ���|9�½+Ë_� $í
|9�

��2£§&ñ
o�

y�� k ∈ N\� @/
�#� Ak�� ��ÂÒ���|9�½+Ës��¦ �̧��H j , k ∈ N\�
@/
�#� Aj ∩ Ak = φ(j 6= k)s��� 
���. Õª�Q���

⋃
k∈N

Ak��H

��ÂÒ���|9�½+Ës���.

7£x"î


y�� k ∈ N\� @/
�#� ��6£§õ� °ú s� &ñ
_��)a �<ÊÃº fk : N→ N×{k}\�¦
Òqty��
���:

fk(i) = (i , k) ∀i ∈ N
Õª�Q��� y��y��_� fk��H {9�@/{9� @/6£xs���(check!). 7£¤

N ∼ N× {k}s���.
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��2£§&ñ
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4.3 ��ÂÒ���|9�½+Ë_� $í
|9�

y�� k ∈ N\� @/
�#� Ak ∼ Ns��¦ N ∼ N× {k}s�Ù¼�Ð
Ak ∼ N× {k}

s���. Õª���X< ⋃
k∈N

N× {k} = N× N

s�Ù¼�Ð,
⋃

k∈N Ak ∼ N× Ns���(���_þvë�H]j 4.2 ë�H]j 5).

Õª�QÙ¼�Ð
⋃
k∈N

Ak��H ��ÂÒ���|9�½+Ës���.
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4.3 ��ÂÒ���|9�½+Ë_� $í
|9�

\V]j 5

Ä»o�Ãº_� |9�½+Ë Q��H ��ÂÒ���|9�½+Ës���.

7£x"î


y�� Ä»o�Ãº\�¦ p
qü< °ú s� Ä»{9�
�>� ����?/��. #�l�"f p ∈ Z,

q ∈ Ns��¦ gcd(p, q) = 1s���. s�]j

Q+ = {pq |
p
q > 0}, Q− = {−p

q |
p
q ∈ Q+}

s��� Z�~��. Õª�Q��� Q = Q+ ∪ {0} ∪Q−s��¦ Q+ ∼ Q−s���.
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4.3 ��ÂÒ���|9�½+Ë_� $í
|9�

ÅÒ�©� : Q+��H ��ÂÒ���s���.

�<ÊÃº f : Q+ → N× N�̀¦ ��6£§õ� °ú s� &ñ
_�
���:

f (pq ) = (p, q) ∀pq ∈ Q+

Õª�Q��� f��H éß���s���(check!). ����"f

Q+ ∼ f (Q+) ⊆ N× Ns���. ¢̧ô�Ç N ⊆ Q+s�Ù¼�Ð, Q+��H

Áºô�Ç|9�½+Ës���.

f (Q+)��H ��ÂÒ���|9�½+Ë N× N_� Áºô�ÇÂÒì�r|9�½+Ës�Ù¼�Ð
��ÂÒ���|9�½+Ës���. ����"f Q+��H ��ÂÒ���s���.

Õª�QÙ¼�Ð Q��H ��ÂÒ���|9�½+Ës���. (why?)
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4.3 ��ÂÒ���|9�½+Ë_� $í
|9�

��6£§ &ñ
o���H Áºô�Ç|9�½+Ë ×�æ ��ÂÒ���|9�½+Ës� “ß¼l�”\� e��#Q"f ��

�©� �������H �¦̀�	כ t�&h�
��¦ e����.

&ñ
o� 11

�̧��H Áºô�Ç|9�½+Ë�Ér ��ÂÒ���|9�½+Ë�̀¦ �í�<Êô�Ç��.

7£x"î


Leave it to students.
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���_þvë�H]j 4.3

1, 2, 4, 6, 7��� : y���� K����.
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4.4 q���ÂÒ���|9�½+Ë

&ñ
o� 12

>h½̈çß� (0, 1)�Ér q���ÂÒ���|9�½+Ës���.

7£x"î


y�� 0 < x < 1\� @/
�#� �èÃº³ð�&³ 0.x1x2x3 · · ·ü< °ú s� ����?/��.

#�l�"f y�� n ∈ N\� @/
�#� xn ∈ {0, 1, 2, · · · , 9}s���. \V\�¦ [þt���,
1
3 = 0.333 · · · ,

√
2
2 = 0.707106 · · · .

Ä»ô�Ç�èÃº_� �â
Äº�̧ Ä»{9�
�>� ³ð�&³
�l� 0AK� 0Aü< °ú s�

Áºô�Ç�èÃº�Ð ����?/��. s�\�¦_���� 1
4 = 0.25 @/���\�

1
4 = 0.24999 · · ·�Ð ����?/��. Õª�Q��� x , y ∈ (0, 1)\� @/
�#�

x = y if and only if xi = yi ∀i ∈ N
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4.4 q���ÂÒ���|9�½+Ë

>h½̈çß� (0, 1)s� ��ÂÒ���s��� ��&ñ

���. Õª�Q��� {9�@/{9� @/6£x

f : N ∼ (0, 1)�� �>rF�
�#� (0, 1)_� �̧��H "é¶�è\�¦ ��6£§õ� °ú s�

��\P�½+É Ãº e����:

#�l�"f y�� ajk\� @/
�#� ajk ∈ {0, 1, 2, · · · , 9}s���.
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4.4 q���ÂÒ���|9�½+Ë

s�]j z = 0.z1z2z3 · · ·\�¦ ��6£§õ� °ú s� &ñ
_�
���:

zk =

5, akk 6= 5

1, akk = 5

Õª�Q��� 0 < z < 1s��¦ �̧��H k ∈ N\� @/
�#� zk 6= akks���. 7£¤

z 6= f (k)s���. ����"f z 6∈ f (N) = (0, 1)s��¦ z ∈ (0, 1)s���.

s���Ér	כ �̧í�Hs�Ù¼�Ð (0, 1)�Ér q���ÂÒ���s���.
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4.4 q���ÂÒ���|9�½+Ë

��2£§&ñ
o�

z�́Ãº_� |9�½+Ë R�Ér q���ÂÒ���|9�½+Ës���.

7£x"î


Rs� ��ÂÒ���s��� ��&ñ

���. Õª�Q��� R ∼ Ns���. R ∼ (0, 1)s�l�

M:ë�H\�, (0, 1) ∼ Ns���. s���Ér	כ (0, 1)s� q���ÂÒ���s�����H ��z�́\�

�̧í�Hs���. Õª�QÙ¼�Ð R�Ér q���ÂÒ���s���.
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4.4 q���ÂÒ���|9�½+Ë

\V]j 6

Áºo�Ãº[þt_� |9�½+Ë P��H q���ÂÒ���|9�½+Ës���.

7£x"î


P�� ��ÂÒ���s��� ��&ñ

���. Õª�Q��� R = Q ∪ Ps��¦ Q��H
��ÂÒ���s�l� M:ë�H\�, R�Ér ��ÂÒ���s���. s���Ér	כ Rs�
q���ÂÒ���s�����H ��z�́\� �̧í�Hs���. Õª�QÙ¼�Ð P��H
q���ÂÒ���s���.
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���_þvë�H]j 4.4

1, 2, 4��� : Û¼Û¼�Ð K����.
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