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5.1 l�Ãº(Cardinal Number)_� >h¥Æ�

2 + 3 = 5, 3 < 4, 6× 7 = 42

ü< °ú s� Ãº_� >h¥Æ��Ér #Q§4�Û�©s� ·ú��¦ e����.

ÕªXO������ Ãº_� &ñ
SX�ô�Ç &ñ
_���H Áº%Á	�����?
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5.1 l�Ãº(Cardinal Number)_� >h¥Æ�

l�Ãº_� /BNo�(|9�½+Ë_� “ß¼l�”ü< �'aº���)a >h¥Æ�õ� ½©gË:)

C-1 e��_�_� |9�½+Ë A\� @/
�#� cardA�Ð ³ðl�÷&��H 
���_� l�Ãº��

���ÂÒ÷&�¦, y�� l�Ãº a\� @/
�#� cardA = a��� 
���_� |9�½+Ë

A�� �>rF�ô�Ç��.

C-2 A = φ⇔ cardA = 0.

C-3 A�� /BN|9�½+Ës� ����� Ä»ô�Ç|9�½+Ës����, 7£¤, #Q�"� k ∈ N\� @/
�#�
A ∼ {1, 2, 3, · · · , k}s����, cardA = k .

C-4 e��_�_� |9�½+Ë A, B\� @/
�#�

A ∼ B ⇔ cardA = cardB.
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5.2 l�Ãº_� í�H"f - Cantor Bernstein Theorem

&ñ
_�

Ä»ô�Ç|9�½+Ë_� l�Ãº\�¦ Ä»ô�Çl�Ãº(finite cardinal number)�� 
��¦

Áºô�Ç|9�½+Ë_� l�Ãº\�¦ �íô�Çl�Ãº(transfinite cardinal number)��

ô�Ç��.

Ä»ô�Çl�Ãº��H �����Ãº�ÐÂÒ'� s�#Q~ÃÎ�Ér í�H"f

0 < 1 < 2 < · · · < k < k + 1 < · · ·
�̀¦ ���Ér��.
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5.2 l�Ãº_� í�H"f - Cantor Bernstein Theorem

&ñ
_� 1(in English)

Let A and B be sets. Then cardA is less than cardB, denoted by

cardA < cardB, if

(1) A is equipotent to a subset of B, but

(2) B is not equipotent to any subset of A.

(1)��� �̧|	�ëß��̀¦ Òqty��½+É �â
Äº cardA ≤ cardB���¦ �����·p��.
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5.2 l�Ãº_� í�H"f - Cantor Bernstein Theorem

\V]j 1

cardN < cardRe���̀¦ µ1ß)���.

7£x"î


(1) N�Ér R_� ÂÒì�r|9�½+Ë��� Nõ� @/1px
���. 7£¤, N ∼ N.

(2) R�Ér q���ÂÒ���|9�½+Ës�Ù¼�Ð R�Ér ��ÂÒ���|9�½+Ë��� N_� #QÖ¼
ÂÒì�r|9�½+Ëõ��̧ @/1px
�t� ·ú§��.

Õª�QÙ¼�Ð &ñ
_� 1\� _�
�#� cardN < cardRs���.
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5.2 l�Ãº_� í�H"f - Cantor Bernstein Theorem

&ñ
o� 1(Cantor Bernstein Theorem)

|9�½+Ë A, B\� @/
�#�

(1) A�� B_� ÂÒì�r|9�½+Ëõ� @/1px
��¦

(2) B�� A_� ÂÒì�r|9�½+Ëõ� @/1px
����

A ∼ Bs���.

&ñ
o� 1�Ér ��6£§ �Ð�̧&ñ
o�\� _�
�#� ~1�>� Ä»�̧�)a��.
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5.2 l�Ãº_� í�H"f - Cantor Bernstein Theorem

�Ð�̧&ñ
o�

B ⊆ As��¦ f : A→ B�� éß���s����, ���éß��� h : A ∼ B��

�>rF�ô�Ç��.
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5.2 l�Ãº_� í�H"f - Cantor Bernstein Theorem

7£x"î


�â
Äº (1) B = A h�Ð"f �½Ó1px�<ÊÃº IA\�¦ ×þ�
���� �)a��.

�â
Äº (2) B ⊂ A C =
⋃
n≥0

f n(A− B)�� Z�~��. #�l�"f f 0��H A

0A_� �½Ó1px�<ÊÃºs��¦ y�� k ∈ Nü< y�� x ∈ A\� @/
�#�

f k(x) = f (f k−1(x))�Ð &ñ
_�ô�Ç��. Õª�Q���

f (C ) = f (∪n≥0f n(A− B))

= f
(
(A− B) ∪ f (A− B) ∪ f 2(A− B) ∪ · · ·

)
= f (A− B) ∪ f 2(A− B) ∪ f 3(A− B) ∪ · · ·

= ∪n≥1f n(A− B) ⊆ C .
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5.2 l�Ãº_� í�H"f - Cantor Bernstein Theorem
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5.2 l�Ãº_� í�H"f - Cantor Bernstein Theorem

s�]j �<ÊÃº h : A→ B\�¦ ��6£§õ� °ú s� &ñ
_�
���:

h(z) =

f (z), z ∈ C

z , z ∈ A− C

s� �â
Äº A− B ⊆ Cs��¦ f (C ) ⊆ Cs���. Õªo��¦

m 6= n (say m < n)s���� f m(A− B) ∩ f n(A− B) = φs���.

(∵ ÕªXO�t� ·ú§Ü¼��� f m(x) = f n(x ′)��� x , x ′ ∈ A− B�� �>rF�
��¦,

s� M:, f n−m(x ′) = x ∈ B ∩ (A− B)�� ÷&#Q �̧í�Hs���.)
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5.2 l�Ãº_� í�H"f - Cantor Bernstein Theorem

ÅÒ�©� 1 : h : A→ B��H éß���s���.(check!)

�2³àÔ : 3��t� �â
Äº�Ð ��¾º#Q Òqty��.

ÅÒ�©� 2 : h : A→ B��H �����s���.

h(A) = (A− C ) ∪ f (C )

= [A− ∪n≥0f n(A− B)] ∪ [∪n≥1f n(A− B)]

= A− f 0(A− B) = A− (A− B) = B

Õª�QÙ¼�Ð ÅÒ�©� 1,2\� _�
�#� h��H ���éß���s���.
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5.2 l�Ãº_� í�H"f - Cantor Bernstein Theorem

&ñ
o� 1_� 7£x"î


A0 ⊆ A, B0 ⊆ Bs��¦ A ∼ B0, B ∼ A0s��� ��&ñ

��¦, ¿º ���éß���

f0 : A ∼ B0ü< g0 : B ∼ A0\�¦ Òqty��
���.

s�]j f : A→ A0\�¦ f (x) = g0(f0(x))ü< °ú s� &ñ
_�
���. Õª�Q���

f : A→ A0��H éß���s���(why?). ����"f ·ú¡ �Ð�̧&ñ
o�\� _�
�#�

���éß��� h : A ∼ A0�� �>rF�ô�Ç��. Õª�QÙ¼�Ð g−10 ◦ h : A→ B��H

���éß���s���.
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5.2 l�Ãº_� í�H"f - Cantor Bernstein Theorem

��2£§&ñ
o�

e��_�_� |9�½+Ë A, B\� @/
�#�

cardA ≤ cardBs��¦ cardB ≤ cardAs���� cardA = cardB.
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���_þvë�H]j 5.2

3��� : y���� K����.
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