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Principle of Mathematical Induction
Does Z* have any distinct property against Q* and R* ?

Zr={xeZ|x>0}={xeZ|x=>1}
Qr={xeQ|x>0}, Rt={xeR|x>0}

m The well-ordering principle:
Every nonempty subset of N contains a smallest element.

(N is well-ordered.)

Can be used to prove the principle of mathematical induction
R* is not well-ordered.
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m Theorem: The Principle of Mathematical Induction
Let P(n) be a proposition for a natural number n.
m If P(0) is true; and
m If (Vk € N) (P(k) —» P(k + 1)) is true;
Then, (Vn € N) P(n) is true

m Consider applying the Modus Ponens,

P(0)
P(0) - P(1) P(1)

P(1) - P(2) P(2)

P(k) > P(k+1) P(k +1)

Mathematical Induction



m Proof:
Let F={t e N|P(t) is false}.
Suppose F = J.

Then, there must be a smallest element s € F by the well-
ordering principle.

Since P(0) is true, s = 0.

So,s>0and thuss—1 e N.

Withs -1 ¢ F we have P(s—1) true.

Therefore, P((s— 1) + 1) = P(s) is true, which is a contradiction.
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Examples

m Forallne Z,

Zn:i _ n(n+1)
= 2
m Proof:
(Basis step) Forn=1
LHS =1, RHS = 1. So, LHS = RHS.
(Inductive step)
We want to show that

Z”:i n(n+1) N ”Z“:I_(n+1)(n+2)

i=1
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Assume that Zn:i _n(n+1)
Then, -
nfi :(n+1)+zn:i

=(n+1)+ n(n+1)
~2(n+1)+n(n+1)
- 2
_(n+D)(n+2)
- 2

(Inductive Hypothesis, AP)

(by inductive hypothesis)

(Now, we want to apply the CP rule.)
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mletr0andr=1
i=0

m Proof:

rI‘]+l _1
r—-1

(Basis step) Forn=0

LHS =1, RHS =1. So, LHS = RHS.

(Inductive step)

n .
Assume that ) I' =
i=0

n+1

1 (Additional premise, i.e., .H.)
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O
n+1 n+2
=1
We want to show that Z r = 1
i=0 -

and we will use the CP rule.

n+1 n
Zrl :rn+1+zr|
i=0 i=0
rn+l_:|-
=r" 4+ (by ILH.)
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m Foreveryne N, 7"—2"is divisible by 5.

m Proof:

(Basis step) Forn=0

79— 29=0is divisible by 5.
(Inductive step)

Let 7" — 2" be divisible by 5.

Then,

20+l = 7.(7n - 2M) + 7.2n - 2n+l
= 7-(7" = 2") + 2n.(7— 2)
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Since (7" —2") is divisible by 5 by the inductive hypothesis,
7-(7"—2") Is divisible by 5.

Also, 2"-(7- 2) is divisible by 5.

Therefore, 71 - 2"*lis divisible by 5.
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m If Sis afinite set then | ¢ (S)| = 25!,

m Proof:
(Basis step) For S =
LHS = |0 (9)| = (&} =1=2°=2F = RHS.
(Inductive step)
Let |(S)| = 259 = 2 for S = {ay, a..., a,}.
We want to prove that | (S')| = 2181 = 2n*1

where §' = {a,, a,,...
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We know that if X < S then X < §’, which means that every
subset of S Iis a subset of S'.

But, note that X U {a,,,} < S' for any X < S and there is no other
subset of S’ in addition to these subsets.

Therefore, the number of subsets of S’ is twice that of S, i.e.,
| (S)|=2-|p(9)| = 2.8 = 2.9n = on+l = 28|
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m The number of left parenthesis is equal to the number of
right parenthesis in a propositional well-formed formula.

m Proof:

Let #L(F) and #R(F) denote the number of left parenthesis and
the number or right parenthesis of a wff F.

(Basis Step)

Since any propositional variable or constant S has no
parenthesis by the basis clause of the inductive definition of a wif,
#L(S) = #R(S).
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(Inductive Step)

Let P and Q be two wffs such that
#L(P) = #R(P) and #L(Q) = #R(Q).

Let F be any one of the formulas defined by the inductive clause
of the inductive definition of a wff, that is, (—P), (P v Q), (P A Q),
(P—> Q),and (P < Q).
If F = (=P), then #L(F) = #L(P) + 1 and #R(F) = #R(P) + 1.
Therefore, #L(F) = #R(F) .
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On the other hand, if Fis (Pv Q), (P AQ), (P —> Q), or (P« Q),
then

#L(F) = #L(P) + #L(Q) + 1 and
#R(F) = #R(P) + #R(Q) + 1.

Again, since #L(P) = #R(P) and #L(Q) = #R(Q),
#L(F) = #R(F).
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